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Hayionanenuii nicomexuiunuii ynigepcumem Yxpainu

METOJ SIMP I3 IPUCKOPEHHAM 3BI)KHOCTI VIS TOIOJIOT TYHOI
ONTUMIBALII HECYYUX JETAJIEU MALIUH

3anpononosano moougpixayiro memody SIMP 0nsa mononoziunoi onmumizayii Hecyuux enemenmie Mauunoo0yoienux
koncmpykyin — anzopumm FA-SIMP (Forward-Accelerated SIMP), akuit no€onye a0anmuHuii KpOK 8UNEPEONCEHHA 3
Keposanum inepyiiinum Koegpivicnmom, noodyoosanum 3a cxemor FISTA, ma noogiiiny npoekyito mouku eunepeorscenus Ha
0okcogy i 00’°emny Ooonycmumi muoncunu. Ha eiominy 6i0 knacuunoi npockmoesamno-zpadienmnoi cxemu, y FA-SIMP
UYMIAUGICING 0OUUCTIIOEMBCA HE 8 NOMOYHOMY HAONUNCEHHI, a Y (i3uuno donycmumiii mouyi eunepeoscenns, Imiujenii
Y300831c HANPAMKY RONEPEOHBO20 ROCHIYNY, W0 3IMIHIOE MPAEKMOPII0 ORMUMI3AYIl Ma RPUCKOPIOE CRAOAHHA Uib060T hyHKuil.
/lna 3anobizanna po3oircnocmi 6 HeONYKiil 3a0aui 3acMOCOBAHO A0ANMUGHUT pecmapm IMRYIbCY, AKUIL CKUOAE iHepUilo 6
Ppasi nomimnozo 3pocmanna nooamnugocmi. Taxuii nioxio oae 3m02y oyinumu He 1uuie KiHYegy HcopcmKicms ORMuUMiz08anoi
KOHCMPYKYil, a it cmilKicmey camoz2o imepayiiino2o npoyecy 3a 3miHu 2eomempii ma ouckpemusayii. Memoo docnioyceno na
3a0ayi MiHIMI3auii RPYICHOT NOOAMIUEOCII KOHCOIbHOI OAIKU Y NIIOCKO-HANPYIHCEHOMY CIAHI 01 mPbox Kongizypayii (A,
B, C), wio siopiznaomeca zeomempudHumMu po3mipamu ma 2yCMUHOI0 CKinueHHo-enemenmnoi cimku (8io 2700 oo 6480
enemenmis) 3a 00HAKOB80T 00’ €MHOI YacmKu mamepiany, 00HAK06020 0100xcemy imepayiii ma KOHycHOI (inompauii nons
yymnugocmeii. Bcmanoeneno, ujo FA-SIMP cmabinsno 3nusicye npysycuy nooamaugicms (00 3.95 %), inoexc cipocmi (00 10.90
%) ma maxcumanwvhi nepemingenns (00 3.92 %), 00HouacHO NIOGUUYIOUU CIIAMUYHY JHCOPCMKICIb KOHCMPYKYIT 3a He3MIHHOT
Mmacu il nPAKMUYHO HE3MIHHO20 uacy oouucnens (y mexcax Kinvkox giocomkis). Egpexm npuckopenns 3aKkoHomipHo 3pocmae
3 po3mipHicmio 3a0aui, a yimkiwia oinapu3ayia nonsa Zycmun cnpoufye nepenecennn pesynvmanty y CAD-moodens. Ompumani
pe3yromamu niOmMeepoNHcylomo, w0 KpOK GUNEPEONCEHHA 3 NOOGIUHOI0 NPOEKYIEI0 € NPAKMUYHUM, CIMKOB0-CMAOIIbHUM
npuckopenuam memooy SIMP, npuoamuum 011 agmomamu308an020 RPOEKMYGAHHI NOJE2UIEHUX HECYUUX Oemaleil MaAulUuH.

Knrouoei cnosa: mononoeiuna onmumizayis, SIMP, FA-SIMP, npuckopenuti epadichmuuil Cnyck, KPOK UNepeodiCeHHts,
KOHCONbHA OANIKA, CKIHYEHHO-eeMEHMHULL AHANI3, THOeKC cipocmi, cimKko6a cmabinbHicmb.

R. R. Pyshka, B. Ya. Bakay

FORWARD-ACCELERATED SIMP FOR TOPOLOGY OPTIMIZATION OF LOAD-
BEARING MACHINE PARTS

A modification of the SIMP method for topology optimization of load-bearing elements of mechanical engineering
structures is proposed — the FA-SIMP (Forward-Accelerated SIMP) algorithm, which combines an adaptive lookahead step
governed by a FISTA-type momentum coefficient with a double box/volume projection of the lookahead point. The sensitivity is
evaluated at a physically admissible lookahead point shifted along the previous descent direction, and an adaptive momentum
restart reduces the risk of divergence in the non-convex problem. This approach makes it possible to assess not only the final
stiffness of the optimized structure but also the stability of the iterative process under changes in geometry and discretization.
The method is studied on compliance minimization of a cantilever beam for three configurations differing in physical size and
finite-element mesh density. At the same volume fraction and iteration budget, FA-SIMP consistently reduces compliance (up
to 3.95 %), grayness index (up to 10.90 %) and maximum displacement while preserving the prescribed mass and keeping the
computation time practically unchanged, providing a mesh-stable acceleration of SIMP.

Keywords: topology optimization, SIMP, FA-SIMP, accelerated gradient descent, lookahead step, cantilever beam, finite
element analysis, grayness index, mesh stability.

Problem statement. Rising requirements for energy efficiency, environmental performance and
reliability of products stimulate the search for more refined methods of designing machine parts and
assemblies [4]. In mechanical engineering this is especially relevant for load-bearing elements that operate
under variable force, inertial and contact loads: brackets, base plates, levers, frame members, housing parts,
mounting lugs and other critical components. During operation such parts carry loads from working bodies,
drives, support nodes, and from the machine—environment interaction and the material is loaded non-
uniformly — some regions carry the main share of the force flow, while others remain underloaded. It is
precisely this non-uniformity that gives rise to stress-concentration zones near supports, attachment points,
holes and points of application of external forces.

Traditional design of machine parts largely relies on inflated safety factors for strength and stiffness.
As a consequence, the structure acquires excess mass, which degrades the energy efficiency of the machine,
its dynamic behavior, material consumption and manufacturability. Therefore, one of the priority directions
of modern mechanical engineering is the reduction of part mass while preserving the required strength,
stiffness and operational reliability. The tools that allow this task to be addressed systematically at the design
stage are the means of engineering analysis and shape optimization of critical parts [3].

Topology optimization stands out among such tools in that it automatically redistributes material
within a prescribed design domain and produces a rational part shape in which the material is concentrated
mainly along the principal force flows. This approach not only reduces mass but also raises the efficiency
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of material use, leaving material exactly in the zones that most affect the strength and stiffness of the
product.

Among the density-based methods of topology optimization, SIMP (Solid Isotropic Material with
Penalization) remains one of the most widely used. Despite its recognized advantages, classical SIMP has
a number of limitations that complicate its application to real engineering problems [6]. The convergence
of the basic scheme slows down at intermediate density values, especially for elongated or complexly loaded
parts with a large ratio of characteristic dimensions. At the same time, mesh refinement degrades the
binarization quality of the result: gray zones with intermediate density values accumulate in the design
domain, which complicates the transfer of the solution to a CAD model. Finally, when the geometric
proportions, boundary conditions and mesh density are changed, SIMP results may differ noticeably in
compliance, grayness index and the character of the final topology, which raises the question of the mesh
and geometric stability of the method.

Therefore, the practical use of topology optimization requires algorithms that combine efficient
material redistribution with predictable convergence and reduced sensitivity to mesh parameters.
Overcoming these limitations requires modifications of SIMP that simultaneously accelerate convergence,
improve the discreteness of the density distribution and preserve the stability of the result when the
geometric and mesh parameters change.

Analysis of recent research and publications. Topology optimization emerged as an independent
research field after the seminal work of Bendsae and Kikuchi [5], in which the optimal material-distribution
problem was formulated on the basis of the homogenization approach. The further development of density
methods is associated with the penalized interpolation of material properties, which laid the foundation of
the SIMP method. Its canonical realization as the 99-line MATLAB code by Sigmund [6] established SIMP
as a reference algorithm, while the generalized theoretical foundations of density methods, systematized in
a monograph [7], shaped the subsequent development of the field.

A key role in ensuring the stability of numerical solutions is played by the regularization of the
sensitivity field. Bourdin [8] showed that a cone filter of radius 1y,;, effectively removes the characteristic
“checkerboard” oscillations caused by low-order finite elements. Sigmund and Petersson [9] systematized
the three main classes of numerical instabilities — the checkerboard effect, mesh dependence and local
minima — and proposed a methodology for eliminating them by filtering and perimeter constraints. The
improved implementation as an 88-line code with vectorized assembly of the stiffness matrix [10] became
the base platform for subsequent modifications.

Subsequent studies focused on the suppression of gray elements. Lazarov and Sigmund [11] replaced
the classical cone filter with a PDE filter based on the Helmholtz equation, ensuring independence of the
result from the mesh structure, while Wang, Lazarov and Sigmund [12] combined such a filter with a
Heaviside projection, which made it possible to control the sharpness of the material-void interface. Lian
et al. [13] applied a hierarchical double penalization of intermediate densities, achieving a noticeable
reduction of the grayness index without loss of stiffness. In the direction of mathematical analysis,
Papadopoulos [14] proved the convergence of discrete SIMP solutions to continuous ones under mesh
refinement provided correct regularization, while Sigmund and Maute [15] generalized the development of
density, level-set and phase-field methods in a single review. Among the engineering generalizations,
multiscale formulations [16] and multi-material extensions [17] are worth noting, which extend the basic
SIMP to structures with functional gradients and combinations of different alloys.

A separate direction is associated with the acceleration of the iterative process. The idea of inertial
acceleration of first-order methods goes back to the work of Beck and Teboulle [18], in which, for convex
non-

smooth problems, an acceleration of convergence from 0(1/k) to 0(1/k?) was proved by means of
a lookahead step (FISTA). Although the SIMP problem is non-convex, in a number of numerical
experiments inertial modifications of the OC scheme empirically demonstrate accelerated reduction of
compliance without

additional global assumptions, which motivates the development of accelerated variants of the
method.

Applied studies confirm the expediency of applying numerical modeling and optimization to load-
bearing machine elements. Thus, in [1], modelling and dynamic analysis of an integrated system of lifting
equipment were carried out, while in the work of Husachuk et al. [3], the QForm software was used to
optimize the hot-die-forging process of a hydraulic-cylinder lug forging — a typical machine element. The
application of topology optimization directly to load-bearing machine elements was considered by the
authors in [2]. However, the available literature does not report a systematic comparison of classical SIMP
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with inertially accelerated variants on a series of similar cantilever problems differing in geometry and
finite-element mesh parameters. This is precisely what determines the relevance of the present study.

Research objectives. The aim of the work is to increase the efficiency of the SIMP method for
topology optimization of load-bearing elements of mechanical engineering structures by introducing an
adaptive lookahead step, as well as a systematic assessment of the advantages of the resulting FA-SIMP
algorithm over classical SIMP on a series of cantilever beams with different geometric dimensions and
different finite-element mesh discretizations.

To achieve this aim, the following tasks were solved: the optimization problem of minimizing the
elastic compliance of a cantilever beam under a volume constraint and box constraints on the densities was
formalized; the classical SIMP algorithm with cone filtering and a projected-gradient update was described
as the reference method; the FA-SIMP (Forward-Accelerated SIMP) algorithm with a FISTA-type adaptive
inertial sequence and a double projection of the lookahead point was formulated; both methods were
implemented in a common software environment and a comparative computation was performed on three
cantilever configurations (A, B and C) with different physical dimensions and different numbers of finite
elements; and the results were analyzed in terms of stiffness, topology quality and computational efficiency.

The expected practical result is the formulation of recommendations for applying FA-SIMP in the
automated design of load-bearing machine parts with reduced material consumption, provided that the
method remains stable when the relative dimensions of the cantilever and the finite-element mesh density
are varied.

Presentation of the main material. We consider the problem of minimizing the elastic compliance
of an isotropic two-dimensional plane-stress structure at a prescribed volume fraction of material:

min,cgC(p) = FTU(p)

(1)
subject to
K(p)U(p) =F ()
N N
ZPeVeSV*=fZV; 3)
e=1 e=1
Pmin < Pe <le=12,..,N (4)

where C(p) is the elastic compliance of the structure; F is the vector of external nodal forces; U(p)
is the vector of nodal displacements; K (p) is the global stiffness matrix of the system; p = {p4, ..., py} 18
the vector of design variables (relative densities of N finite elements); V, is the volume of the e-th element;
V* is the admissible total volume; f € (0,1) is the prescribed volume fraction of material; pp;, = 1073 is
the lower density bound that prevents degeneration of the stiffness matrix.

Equation (2) is the equilibrium condition of the finite-element model, inequality (3) bounds the total
material volume, and relations (4) impose box constraints on each design variable. The work considers the
classical compliance formulation without a stress constraint, which allows the effect of the algorithmic
acceleration itself to be isolated.

The dependence of the element Young’s modulus on its density is given by the SIMP power-law
interpolation

Ee(pe) = Emin + Pf (Eo — Emin) Q)
where E,(p,.) is the effective Young’s modulus of the e-th element; Ey; = 210 GPa is the Young’s
modulus of the solid material (structural steel); p = 3 is the penalization exponent that makes intermediate
densities energetically unfavorable and drives them towards the values 0 or 1; Epi, = 107°E, is the
residual stiffness of void elements.

The minimum modulus is set as a very small fraction of the solid-material modulus and is used to
ensure the numerical stability of the analysis in the presence of elements with zero or near-zero density. The
discreteness of the density distribution is quantified by the grayness index

Mnd — 4Zep§ilvepe)ve’ (6)
where the summation is taken over all elements, and I, are their volumes.

A value M4 = 0 corresponds to a perfectly binary distribution (p, € {0,1}), whereas M4 = 1
corresponds to a fully uniform field p, = 0.5. Smaller values of M,,4 mean sharper topology boundaries
and a simpler transfer of the result to CAD documentation.

It is convenient to characterize the integral stiffness of the part by the static stiffness
F
kstat = o (7
max
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where F is the magnitude of the applied load, and u,,,x is the magnitude of the maximum nodal
displacement.

A larger value of kg, corresponds to a stiffer structure under the same load.

The design domain is a two-dimensional rectangular plate in a plane-stress state of thickness h = 12
mm, made of structural steel with Young’s modulus E, = 210 GPa, Poisson’s ratio v = 0.30 and density
Pmat = 7870 kg/m?. All nodes of the left edge are rigidly clamped (all degrees of freedom fixed), and a
concentrated vertical force F = 8000 N directed downwards is applied at the midpoint of the right edge.
This scheme reproduces the characteristic operation of a cantilever bracket or a base plate. In the immediate
vicinity of the point of load application and of the left edge, small passive zones with p = 1 are prescribed
to avoid singular stress concentrations.

The basic SIMP algorithm is implemented in the form of a projected-gradient descent with cone
filtering of the sensitivity field. At each k-th iteration the global stiffness matrix K (p®) is assembled and
the linear system (2) is solved by sparse LU factorization, after which the element-wise compliance
sensitivity is computed

5o = PPl (o = Emin)ulkote, ®)
where u, is the vector of nodal displacements of the e-th element; k is the stiffness matrix of an
element with unit Young’s modulus; the remaining notation corresponds to equation (5).

The negative sign shows that increasing the element density reduces the compliance. The resulting
sensitivity field is smoothed by a cone filter of radius 7;,;,, Whose weight coefficient decays linearly with
the distance between element centers

Hej = maX(O» Tmin — |[Xe — xj”)’ ©
aE. 1 ac
900 = pos, i 1 HeiP iy -

where H,; is the weight coefficient of the influence of element j on element e; x, and x; are the

coordinates of their centers; and dC/ dp,, is the smoothed sensitivity.

Equation (10) reproduces the mesh-independence sensitivity filter of the Sigmund 99-line code [6]:
the raw sensitivities are replaced by a weighted average normalized by the element density and by the sum
of the weights, so that the filtered field remains consistent in magnitude. Filtering suppresses the
checkerboard oscillations of the low-order four-node elements and enforces a minimum characteristic size
of the load-bearing members of the topology.

The design variables are updated by a projected-gradient descent step with projection onto the
admissible set

k+1 : k ac/o
pé = PI'O]Bm]<p£ ) SR#)’ (11)
IVClleo
where s; is the step size; ||VC||« is the normalizing factor (the maximum absolute value of the
smoothed sensitivity); B = {p: pmin < Pe < 1} is the box set; and V = {p: )., p.V, = V*} is the volume
set.
The step size s, sets the descent step length, that is, how far the design moves along the normalized

sensitivity direction at iteration k. Because the sensitivity is divided by its infinity norm ||VC||, the search
direction is dimensionless and bounded in magnitude, so s, directly limits the largest density change of any
element before projection. In this work sy, is held constant over the iterations and is taken slightly larger for
FA-SIMP than for SIMP, since the inertial step damps the oscillations that a larger raw step could otherwise
induce; the chosen values are s, = 0.14 for SIMP and s;, = 0.22 for FA-SIMP. A constant step keeps the
comparison transparent and reproducible, while the per-iteration move limit and the subsequent projection
guarantee that the update stays within the admissible set.

The projection Projy,,, is implemented as a bisection over the Lagrange multiplier of the volume
constraint followed by clipping to the box interval. The iterations continue until the convergence criterion
(18) is satisfied or the maximum number of iterations is reached.

The proposed FA-SIMP algorithm extends the described scheme with an inertial lookahead step
computed from the two previous approximations. The momentum coefficient is formed recursively by a

scheme analogous to FISTA
to=1tgsy = %(1 + /1 + 4t,§), (12)
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Br = min(ik__l' Bmax)a (13)

k+1

where t}, is an auxiliary cumulative parameter; [, is the momentum coefficient; and B, = 0.62 is
its upper bound, which limits possible oscillations in the non-convex problem.

The sequence [, grows monotonically from zero (at ty, = 1) to Syax Over about four iterations,
gradually strengthening the inertial step. Inside the parentheses of (13) the comma separates the two
arguments of the min operator: the coefficient [, is taken as the smaller of the FISTA ratio (t; — 1)/tx+1
and the prescribed cap Sax, SO that the momentum can never exceed 54 €ven when the ratio approaches
one.

The lookahead point is formed by adding the inertial shift

y© = p®) 4 g (p0 — pk-D), (14)

where y® is the lookahead point, and p and p*~1) are the current and previous approximations.
To keep the point physically meaningful, it is necessarily projected onto the admissible set
y ) Proij,(y(k)). (15)
At the projected point y®) the stiffness matrix, displacements and smoothed sensitivity are
recomputed, after which a projected-gradient update step is performed
(k+1) _ . (k) ac/dy.
P = Projy, (v — L), (16)
that is, the update is applied to the values at the lookahead point, and the result is again projected
onto B N7V. The double projection is the defining difference of FA-SIMP from a plain addition of
momentum to the step: it ensures that both the lookahead point y*) and the new approximation p®+1
simultaneously satisfy the box and volume constraints.

Since the problem is non-convex, the inertial step may cause the objective function to grow. To
prevent divergence, an adaptive momentum restart is applied: if the compliance grows relative to the
previous iteration by more than a,, = 6%, the cumulative parameter and the momentum coefficient are reset
to their initial values

CED > 1 +a,)CP =t :=1,B,:=0. (17
The iterative process stops by the density-stabilization criterion
4y = max, |[pd = p{9| <&, (18)

where 4, is the maximum element-wise density change between successive iterations, and € is a
prescribed threshold; alternatively, the process stops when the maximum number of iterations kp,,x = 140
is reached.

Both algorithms were implemented in Python 3.11 using sparse linear algebra (SciPy), vectorized
operations (NumPy) and four-node isoparametric plane-stress elements; the computations were performed
on an Apple M1 processor with 16 GB of RAM. The general parameters of the numerical experiment are
listed in Table 1, and the geometric and mesh parameters of the three computational cases are listed in Table
2.

Table 1
General parameters of the numerical experiment
Parameter Value
Target volume fraction of material f 0.40
SIMP penalization exponent p 3.0
Cone filter radius 7y, elem. 2.4-2.6
Upper bound of the momentum coefficient ., 0.62
Adaptive restart threshold «, 0.06
Density convergence criterion & 5-10
Maximum number of iterations K.« 140
Young’s modulus of the material E,, GPa 210
Poisson’s ratio v 0.30
Material density pyat, kg/m? 7870
Plate thickness h, mm 12
Concentrated load F, N 8000
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Case A corresponds to a compact bracket (aspect ratio 3:1, the coarsest mesh), case B to a cantilever
of medium length (4.5:1, a moderately dense mesh), and case C to an elongated cantilever (5:1) with the

largest number of finite elements. For all three cases the same initial density distribution péo) =f =040
and the same maximum number of iterations were used, which ensures the correctness of the comparison
of the methods.

Table 2
Geometry and discretization of the computational cases
Case Beam size Aspect Mesh Elements Element Filter
Ly X Ly, ratio L, /L, Ny X N,, Ng size radius r,;p,,
mm Ax X Ay, elem.
mm
A 300 x 100 3.00 90 x 30 2700 3.33 x3.33 24
B 450 x 100 4.50 135 x 30 4050 3.33 x3.33 24
C 600 x 120 5.00 180 x 36 6480 3.33 x3.33 2.6

All six computations (three cases x two methods) converged by the prescribed criterion (18). A
summary comparison of the engineering indicators is given in Table 3, and their percentage change on
passing from SIMP to FA-SIMP in Table 4. This presentation makes it possible to compare both the absolute
values of the engineering indicators and the relative gain obtained from the proposed acceleration in each
computational case. Before turning to the analysis of the fields, we note a feature of the figure layout: the
panels for cases A, B and C have different widths because the corresponding cantilevers differ in aspect
ratio (3:1, 4.5:1 and 5:1) and are drawn at a single physical scale with the same scaling along the x and y
axes; therefore, the longer cantilever naturally occupies a larger part of the figure. In all fields the top row
(a) corresponds to classical SIMP, and the bottom row (b) to FA-SIMP.

Table 3
Comparison of the engineering indicators of SIMP and FA-SIMP in the three cases
Cas | Method | Complianc | Grayness Max. Stiffness Mass | Time
e eC,J index M4 displacement kgtars NNmm | m, kg t,s
Umax, MM
A SIMP 6.9658 0.3411 0.8751 9142 1.1351 | 9.81
A FA- 6.9405 0.3369 0.8716 9179 1.1333 | 9.87
SIMP
B SIMP 20.7771 0.4034 2.6125 3062 1.7006 | 15.63
B FA- 19.9564 0.3594 2.5100 3187 1.6999 | 16.04
SIMP
C SIMP 25.9305 0.3521 3.2569 2456 2.7219 | 30.12
C FA- 25.1042 0.3220 3.1513 2539 2.7199 | 31.03
SIMP
Table 4
Percentage change of the metrics on passing SIMP — FA-SIMP
Case AC, % AM 4, Yo AUy oy, Yo Akgiar, Yo Am, % At, %
A —0.36 —-1.23 —0.40 +0.40 —0.16 +0.55
B —3.95 —10.90 —3.92 +4.09 —0.04 +2.57
C —3.19 —8.53 —3.24 +3.35 —0.08 +3.01

«_

A minus sign (“—) denotes a decrease of the corresponding quantity, and a plus sign (“+”) its
increase. For compliance, the grayness index, displacements and mass, a decrease is an improvement; for
the static stiffness an improvement is an increase, whereas the increase of the computation time is a small
price for the accelerated convergence.

As shown in Fig. 1, in all cases the topology takes the truss-like shape characteristic of a cantilever
beam: diagonal struts are placed along the trajectories of the principal stresses and joined by horizontal
chords. The advantages of FA-SIMP are most pronounced in case B, where the method forms noticeably
sharper material-void interfaces, which corresponds to a reduction of the grayness index from 0.4034 to
0.3594 (by 10.90 %).
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Fig. 1. Final topologies for the three cases (columns A, B, C): a — SIMP (top row); b — FA-SIMP

(bottom row). The scale p, €

[0, 1] runs from white (void) to black (solid material)

The distribution of the specific elastic strain-energy density w, = —ue Tk(po)u, (clipped at the 98.5th
percentile) is shown in Fig. 2. In FA-SIMP the energy is distributed more uniformly along the working

struts, without local overloads, which directly correlates with the lower compliance value. The
corresponding displacement-magnitude field with an overlaid deformed mesh is shown in Fig. 3.
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Fig. 2. Specific elastic strain-energy density field (clipped at the 98.5th percentile) for the three

cases: a — SIMP; b — FA-SIMP
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Fig. 3. Nodal displacement-magnitude field (mm) with an overlaid deformed mesh:

a — SIMP; b — FA-SIMP

The convergence curves (Fig. 4) show that FA-SIMP steadily reaches a lower compliance value faster
than classical SIMP. The steep drop of the compliance during the first k = 20-30 iterations is a
consequence of the accumulated momentum ), = Bax. The grayness-index dynamics of FA-SIMP shows
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a characteristic step — a fast drop to a quasi-asymptotic value, whereas SIMP approaches the same level

noticeably more slowly.
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Fig. 4. Convergence dynamics for the three cases: compliance C, maximum density change 4,
and grayness index M4

A generalized comparison of all the key metrics is presented in Fig. 5. The structural mass in both
methods is practically the same (difference less than 0.2 %), which confirms the exact fulfillment of the
volume constraint, whereas the relative increase in computation time does not exceed 3.01 %. Thus, the
additional computational cost of the proposed acceleration is negligible.
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Fig. 5. Summary comparison over six metrics: compliance, grayness index, maximum
displacement, static stiffness, computation time and mass. SIMP — dark green, FA-SIMP — purple
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To complement the integral indicators, the local redistribution of material between the two optimized
layouts was additionally analyzed. The density-difference field Ap(x) = pF4(x) — p>™P(x) (Fig. 6)
visualizes the local differences between the two solutions: red zones correspond to the addition of material
in FA-SIMP, blue zones to its removal. The averaged 1-norm of this field, computed by the formula

1
I4plly = 5 Zelpe? — p2™F| (19)
SIMP

where pf2 and p3 are the final element densities in the two methods, increases from
case A to case C.

This reflects the strengthening of the acceleration effect as the problem dimensionality grows. The
concentration of 4p > 0 at the truss-joint nodes and near the base of the cantilever shows that FA-SIMP
consistently reinforces the regions that are critical for stiffness.
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Fig. 6. Final density-difference field Ap = p¥2 — pS™P for the three cases: red zones —
addition of material in FA-SIMP, blue — removal

Discussion of results. A comparison of the three cases reveals several regularities in the behavior of
FA-SIMP when the geometric and mesh parameters are changed. The most pronounced of them is the
scaling of the acceleration effect with the problem size: in the smallest case A the compliance improvement
is about 0.4 %, whereas in the larger cases B and C it reaches 3.19-3.95 %. This dependence is consistent
with the motivation behind FISTA-type acceleration — in problems with a larger number of design variables
and slower local convergence, the inertial step yields a larger gain.

The grayness index improves even more steadily than the compliance: in cases B and C the value
M4 decreases by 8.5-10.9 %, with the distribution becoming distinctly two-valued without the use of
additional projection functions (in particular, the Heaviside projection). This means that the lookahead step
plays the role of an implicit projection: oscillating elements with p, = 0.5 receive an additional push
towards the nearest binary value, which is consistent with the reduction of the grayness index reported in
Table 4.

A natural consequence of the better convergence is the increase of the static stiffness for all three
cases. Although the minimization of compliance and the maximization of stiffness are equivalent
asymptotically, for a limited number of iterations these indicators may diverge. The fact that FA-SIMP
simultaneously improves both the compliance and the displacements indicates the achievement of a better
local optimum for the same computational budget, rather than a shift of the trade-off between stiffness and
deformability.

At the same time, the computational cost of the acceleration remains disproportionately small. The
additional operations of FA-SIMP are associated mainly with the formation and projection of the lookahead
point, which are vector operations of order O (N), whereas the dominant cost, as in classical SIMP, falls on
the solution of the finite-element system. This is exactly why the computation times of the two methods
differ insignificantly — within a few percent.

The obtained results should be considered with the limitations of the study in mind. All experiments
were performed on two-dimensional plane-stress models, whereas real load-bearing machine parts have a
three-dimensional geometry and require verification of the method on hexahedral and tetrahedral elements.
A single load case was considered, although typical load-bearing elements experience a spectrum of loads.
Three points in the parameter space (Ly/Ly, Nej) were studied, whereas a strict limit passage under mesh
refinement for a fixed geometry should be carried out separately. A sensitivity analysis with respect to the
parameters By ax> Tmin and p, which were taken standard for all cases, was also not performed. At the same
time, the generalization of FA-SIMP to three-dimensional problems does not require conceptual changes —
only the computational kernel (three-dimensional element stiffness matrices) changes, which outlines a
natural direction for further research.

Conclusions. The aim of the work was to increase the efficiency of the SIMP method for topology
optimization of load-bearing elements of mechanical engineering structures. It was achieved by introducing
an adaptive lookahead step with controlled momentum built according to the FISTA scheme, together with
a double projection of the lookahead point onto the box and volume sets, which jointly form the FA-SIMP
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algorithm. The reference SIMP and the proposed FA-SIMP were implemented in a common environment
and compared on identical cantilever benchmarks, so that the differences reported below are attributable to
the acceleration mechanism alone.

The key mechanism behind the improvement is that the sensitivity in FA-SIMP is evaluated not at
the current iterate but at a physically admissible lookahead point shifted forward along the direction of the
previous progress. Because the design at which the gradient is sampled already anticipates the descent, the
method follows a more efficient trajectory and reaches a better local optimum within the same iteration
budget. This mechanism can explain the simultaneous improvement of several indicators — a faster drop of
the compliance, a sharper binarization of the density field and a higher static stiffness — that in a fixed-
budget run would otherwise trade off against one another. The double projection keeps both the lookahead
point and the new iterate inside the box and volume sets, so the mass is held at the prescribed level: the part
is lightened not by removing mass but by redistributing the same mass more rationally.

The numerical experiment quantified a clear tendency between the problem dimensionality and the
gain from acceleration. As the number of design variables grows, the local convergence of classical SIMP
slows down, and the inertial step compensates for this slowdown, so the effect of FA-SIMP grows
accordingly — from a fraction of a percent in the smallest case (0.36 % in compliance) to 3.19-3.95 % in
compliance and 8.5-10.9 % in the grayness index in the larger cases, while the maximum displacement
decreases by up to 3.92 % and the static stiffness increases by up to 4.09 %. Since the additional operations
are of order O (N) and do not change the dominant cost of solving the finite-element system, the acceleration
leaves the computation time practically unaffected — the difference between the methods stays within a few
percent, and the structural mass differs by less than 0.2 %.

Two findings are of particular methodological value. First, the lookahead step acts as an implicit
binarization: without any Heaviside or other projection function, FA-SIMP yields a markedly more discrete
density field, which is precisely the property that classical SIMP lacks and that usually has to be enforced
by extra penalization. Second, the gains were obtained with a single, unchanged set of algorithmic
parameters across three different aspect ratios and mesh densities, which indicates the mesh and geometric
stability of the method and distinguishes it from accelerations that require case-by-case retuning.

The practical value of the obtained results is that FA-SIMP produces a sharper and more stable
material distribution when the geometry and mesh density are varied, and therefore reduces the amount of
manual post-processing of the topology and simplifies the transfer of the result to a CAD model of load-
bearing machine parts. Prospects for further research are associated with extending the method to three-
dimensional problems, accounting for the spectrum of operational loads, and integrating it with the
assessment of fatigue life.
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