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A VARIATIONAL METHOD OF LEADINGOUT OF EQUATIONS OF MOTION BOUNDARY
TERMS IN A ROUND PLATE

For the obtain of equations of equilibrium and boundary terms in a round plate, variation principle of Lagrange is
used for complete energy of the stress system. The got equalizations fully coincide after a form with the proper terms and
equalizations for the plates of classic theory. A difference is brought in only by coefficients which take into account a
transverce shear and compression. These equations take into account inertia of rotation of cross section of plate and influence
of normal stress additionally.
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BAPIAIIMHUN METO/I BUBEJEHHSI PIBHSIHb PYXY TA TPAHUYHUX YMOB Y
KPYIJIIA IVIACTHUHI

/lna eueedennsa pieHAHb Pi6HO6AZU MA ZPAHUYHUX YMOE Y Kpyeniil naumi, 6UKOPUCMAHO éapiayiiiHuil NPUHYUR
Jazpausica ona noenoi enepzii npyyxcnoi cucmemu. Ompumani pieHARKA YiNKoM cnienadaroms 3a opmoro 3 6i0noeioHuUMU
yMoeamu ma piGHAHHAMU ONA NIACMUH KhacuuHol meopii. Biominnicme énocamu nuwe Koegiuicnmu, uio 8paxoeyromo
nonepeunuii 3cyé ma oomuchenHua. /lani piGHAHHA 6PAXO0GYIOMb 000AMKO060 iHepUild 0OepmanHA nonepeuHux nepepizie
NAACMUHU MA 6NIUE HOPMATILHOZ0 HARPYIICEHHA.

Knrouosi cnoea: mpancmponui niacmunu, piHo6aza MOHKUX HAACMUH, NONEPEeyHUll 3Cy6, OOMUCHEHHA, PIGHAHHS
pigHogazu.
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BAPUAIIMOHHBIN METO/I BLIBOJA YPABHEHUU JIBUKEHU A
U MPEJEJBHBIX YCJOBUM B KPYIJION IIJIACTUHE

/i nonyuenus ypaenenuii pagnogecus U ZPAHUYMHBLIX YCINOGUI 6 KPY2loi RIACIMUHE UCHOJIb3YEemCs
sapuayuonnstii npunyun Jlazpamnsica ons oowein snepzuu ynpyzoi cucmemol. Iloyuennsie ypasnenus enoine coziacylomcs
no ¢opme c coomeemcmeylOUWUMU YCAOGUAMU U YPAGHEHUAMU O NAACMUH Kaaccuyeckoi meopuu. Paznuya
npoU3600UMCA MOLKO KOIPuyuenmamu, KoOmopwvle yuumwvléarom HONEPEUHbLL CO8UZ U O00NCUMKY. Dmu ypasHeHus
yuumoleaiom OONOJAHUMENLHYIO UHEPUUIO 6DAWIEHUA NONEPEUHBIX CeHeHUil NAACHMUHbL U GIUAHUE HOPMATbHO2O
HanpsaceHus.

Kniouesvle cnosa: mpancmponuvle RIACMUHGL, PAGHOGECUE MOHKUX NJIACMUH, NONEPeYHblil cO8U2, O0OICUMKA,
VDAGHEHUsL PABHOBECUL.

Raising of a problem. There are different methods of outputing of differential equations of
equilibrium of thin plates. One of the basic and most widespread methods of outputing of such equations
is the use of equations of equilibrium in moments and efforts. The lack of this method is unmotivated
recording of boundary terms on the edges of plate. More perfect are variation methods (Lagrange,
Reyssner, mixed method) are power explained, which allow, together with equations of equilibrium, to
destroy boundary terms. In many articles of domestic and foreign researchers use calculation equations of
plates and shells in the nonclassical raising [1, 6]. The most existent nonclassical theories of plates and
shells take into account deformation of transverse displacement, and some, partly, take into account and
transversal compression. However, as researches show, in calculations for the actions of the contact and
local loadings, it should be absolutely taken into account transversal compression, that allows to satisfy
most terms on-the-spot contact of plate with other bodies or bases [6].

A research purpose is a leadingout of equations of motion of transtropic plates of medium
thickness, which take into account both the effects of transverse shear and deformation of transverse
compression, transverse normal tension and inertia of rotation of cross sections.

For the leadingout of equations of motion and boundary terms in a round plate, a will take the a
dvantage of variation principle of Lagrange for complete energy of the elastic system [2, 4]

oll=064, 1)
where
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oT=([[ (0,05, + 0,86, +0, 06, + 7,y - 5y1p + Ty - Oy + 75,5, )AV,  —  variation  of
VP
potential energy of deformation; dV, =rdrd&dz it is a volume of plate;
54=[[[(FoU +F,6V + F,oW)dV, +|[(q oW~ —q"6W* )dS — variation of work of volume
v, s

and superficial forces; dS =rd@dr - it is an element of surface of a plate; W™ -are components of the

2,
vector of elastic displacement moving on the external surfaces z=xh of plate F =- ac’)t_LZJ;
A/ W
F, :_pzt_z; F,=—p a@tz - are projections of forces of inertia on the proper co-ordinate axes,
attributed to unit of volume, which carry out the role of volume forces legalistically; p — itis a
closeness.
Using the formulas of Koshi for component of deformation
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but carrying out a varying taking into account the formulas of integration parts and of correlations of type

) (8U j 0 — (68U, variation of potential energy will be
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Variation of potential of external forces
o'W .
5A——pf”( —§V = WV, +jsjq25st. (3)
If to put to equality (2) and (3) in variation equalization (1) and to equate with a zero in a triple
integral expressions near independent variations, oU, oV, oW, then will be got differential

equalizations of motion of voxel of plate in cylindrical coordinate system:
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In an order to get equation of equilibrium through forses and moments, and also boundary terms on
the edges of a plate, will take expressions for the stresses of presentation through internal forses and

moments:
v O v
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where f,(z) _W(O’Gh -2 )
Write down expressions for component of the elastic displacement, in the following kind:

u(r,0,z)=u+y.z+ 2 T
Vet 5 3n?

z 22
V(r,0,2)=v+y,2+ 54
(r,0,z)=v+y, '//9{5 3h2j (53)
2 72 4
W(r,0,2) = W+2—ql 3% o 22 -2 |-A 20, + 91—2—6;3 =
4hE' 6h 2 4h

6h?

where y,, y, — are the generalized corners of turn; y,, v, — are functions of transversal change.

Using formulas (5), formulas for deformations and expressions for component of the elastic
displacement (5a), find expression for variation of potential energy:

2 2
:W+%qlz+3iq 1-— |- Az6,+= A’ ’0, 3h2+z—2 +1A'22AW,
E’ 4hE’ 2 2h 2
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Using the formulas of integration of part and varying on independent variables U,v,W ,y,, 7, , will
get for o1 and 5A'

:_Ij laNerNr—N@ Su+ aNr9+E8N9+2NrH Syt
6r r 00 r or r 00 r

Q 13Q, Q - oM, 10H, M,-M,
+ =+ +—=t4+ W+ L ——L -Q, oy, + 6
(ﬁr ro0 T %)M T T e Q Jor ©

oH 1oM, 2
THUFFG_&BJF_H”Q —ng5y9}d5+.[[(er +N,,m)Su+(N I +N,m)sv+

+(Q1+Q,m)SW+(M 1+ H, ,m)dy, +(H, I +M,m)sy, dL.

h? &° A h 827/6, o o
SA=-2 hﬂ(—éu ST, d3+jsjq25wds.
Here L — is a limit of the contour of area, S, | and m - are direction cosines of normal to the
contour of plate.
If to equate expressions near independent variations in (6), obsessed system of equations of motion
through internal forces and moments:

+

_ 2
8N,+16Nm+Nr Ngzzpha_g’
or r 060 r ot
2
oN,, +1 N, . 2N, =2pha—\2/,
or r 00 r ot
oM, 16H, M, -M, 2 0%

Ly —f T -Q =—=—ph°—=-, 7
o |t 00 —— 3p o ()
oH, 1oM, 2 5 0%y
— T+ ——L2+—H, - ph® —=2
or roo r " Q= ot?
oQ 1@Qg Q _ 82W
—r 4+ =—(, +2ph—-

o roe v kTN
h
where W=w+%A'AWhZ+%; {Nr,Ne,Nm,Qr,Qa}:J{Gn%frﬂm%z}dzi
-h

h
(M, M, H,}= J.{ar,ag,rrg}zdz ; Q=K"w,; Q=K'-yw,; q*,q - it is loading on the
-h
external surfaces of plate (z =+h), which are directed downward, in direction of axis Oz ; G'— it is the
module of transversal shear of material of plate; v,y ,— are deformations of transversal shear of middle

surface of a plate.

Equation (7) can be got from the system (4), if, inheriting S.0.Ambartsumyan [1], to increase all
equalizations of the system (4) on dz, and first two yet and on zdz and to integrate them in limits from
—h to h. Together with that, such method does not allow to get power correct boundary terms on verge
of plate.
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Boundary terms will get from contour to the integral which is included in equation (6):
(NJI+N,m)su=0; (N,I+N,m)sv=0; (Ql+Q,m)sw=0;
(MrI+Hr9m)5yr:O; (Hr6I+M9m)5y€:O. (8)
From the system of equations (8) it is possible to get static or geometrical boundary terms,

depending on what multiplier to equate with a zero.
Putting an equation (4) in place of internal forces and moments their expressions, taking into

account previous remarks, will get equalization of motion through moving u,v,w, and corners of turn
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Thus we got the system of five equations of motion in the sought after functions u,v,w_,y,,7,,€2.
To these equations maximum terms (8) and initial conditions must be added at t=0:

w=w,(r,&), %N=Wl(l’,9),
u=u,(r,o), % =u,(r,0), (10)
V=%(r.0), X =u(r.0)

where W, vy, Uy, U, V;, W, — are given components of the initial dicplacement and initial velocity from

apoint (r,0).
System of equations of equilibrium (9) in that part, where they describe the bend of plate, it is

possible to erect to more usual kind, if in place of sizes y,,7,,¥,,¥, to put their expressions through

functions w,w_,Q :
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The got equations (11) take into account inertia of rotation of cross sections of plate and effect of
normal tension additionally o, . If we set the parameters &', A" and A’'=1-¢A, to zero, then these

factors in these equations (11) will not be taken into account. The unaccount of inertia conduces to the
loss of right part in equalization of Helmholtz.

Conclusions. For the obtain of equations of equilibrium and boundary terms in a round plate,
variation principle of Lagrange is used for complete energy of the stress system. The got equalizations
fully coincide after a form with the proper terms and equalizations for the plates of classic theory. A
difference is brought in only by coefficients which take into account a transverce shear and compression.
These equations take into account inertia of rotation of cross section of plate and influence of normal
stress additionally.
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