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OJTHOCTOPOHHII KOHTAKT OPTOTPOITHOI INIACTUHKH
3 KPYTOBUM OTBOPOM I IIPYKHOI'O IUCKA

Jocnioscyemovca nHanpyyceHuii cman KycKo60-00HOPIOHOT OpmomponHoi niacmunKu 3 KO106UM pO3pi3om no JiHil
YMOBHO20 NOOINYy Mamepianie NAACMUHKU | NPYHCHO20 OUCKA 34 YMOBU KOHMAKmMyeauHsa ixuix Oepecie. Ilnacmunuacma
KOHCIpYKUYisi nepeoysac 6 ymoeax OOHOPIOH020 Y3a2aibHEH020 WI0CK020 HARNPYHCEHO020 CHMAHY HA HeCKIHYeHHOCH.
Ilodyoosano cucmemy cCuHZYIAPHUX IHMEZPATBHUX PIGHAND 3 102APUPMIYHUMU AOPAMU O BUHAYUEHHA QYHKUII yepe3 AKI
UPANHCAIOMBCA KOHMAKMHI 3YCUNNA HA KOHMYPI OMEopy opmomponnoi naacmuHku i npyyicnozo oucka. Haonuscenuii
P036’A30K 3a0ayi peanizoeano memooom mexaniynux xkeaopamyp i konokayii. Ilooano pesynemamu yucnosux po3paxyHkie.

Knrouosi cnoea: nanpyscenuii cman, OpmomponHa NIACMUHKA, RPYICHUN OUCK, CUMRYIAPHI DIGHAHHS, OPMOMPONHI
mamepianu, 30Ha KOHMAKNY

N.V. Shynkarchuk

UNILATERAL CONTACT OF AN ORTHOTROPIC PLATE
WITH A CIRCULAR HOLE AND AN ELASTIC DISK

The reliability of machine parts and structural elements designed in the form of piecewise homogeneous plates is one
of the important problems of engineering mechanics. Their functionality and durability largely depend on the presence of
defects such as cuts or cracks on the material boundary line, which can occur at the manufacturing stage and significantly
reduce the permissible external load on the part during operation.

A solution to the problem is proposed for an infinite orthotropic plate with a circular hole and an elastic isotropic disk,
which are welded together on one part of the common contour, and on the rest of the contour there is a symmetrical circular
cut between them. The plate structure is in conditions of a uniform generalized plane stress state at infinity. Under the action
of uniformly distributed forces directed along the coordinate axes, the edges of the cut of the plate structure are in contact
partially or along the entire length. Friction forces in the contact zone of the plate and disk are absent. The solution to this
problem involves determining the components of the stress state at the interface between the materials of an orthotropic plate
and an elastic disk, and establishing the dimensions and position of the boundary contact zone.

The boundary conditions of the problem in the smooth contact area are chosen as the equality of the normal
displacements of the contour points of the plate and the disk, and in the joint area as the equality of their displacements. The
dependencies between the components of the displacement vector of the contour points of the orthotropic plate and the elastic
disk and the contact stresses are written as integral relations with logarithmic kernels. By substituting these expressions into
the boundary conditions of the problem, a system of four singular integral equations is constructed to determine the functions
through which the contact forces in the contact and joint areas are expressed. In addition to the obtained system of equations,
the conditions of force equilibrium of the disk must be fulfilled. The approximate solution of the problem is implemented by the
method of mechanical quadratures and collocation. The size and position of the contact zone are determined by the method of
dichotomy.

For a piecewise-homogeneous orthotropic plate with a symmetric circular section, the edges of which are in contact
partially or along the entire length, the influence of the material orthotropy on the distribution of contact and annular stresses
is investigated. The value of the limiting angle of the section zone for which the complete contact is broken at its end points is
established. The results of numerical calculations are shown in two figures and a table.

Keywords: tense state, orthotropic plate, elastic disk, singular equations, orthotropic materials, zone of contact.

IMocranoBka mnpodiaemu. DyHKUiOHANbHA 3AATHICTH Ta IOBIOBIUHICTH KYCKOBO-OJHOPITHHX
IUTACTHH, SIK IeTajell MallliH 1 eIeMEHTIB KOHCTPYKILIH, 3HAYHOIO MIPOIO 3aJI&KHUTh BiJ HASBHOCTI Ha JiHil
MOJiTy MaTepiajiiB MaTeMaTHUYHUX PO3pi3iB ab0 TPilIKH, AKi MOXKYTh BUHUKHYTH B TIPOLIECI BUTOTOBJICHHS
abo excrutyartauii neraii. Po3risin BUnaaky 4acTkoBoro abo MOBHOTO KOHTAKTy OeperiB TPILMHU B TAKUX
KyCKOBO-OJHOPITHUX IJIACTUHKAX MAa€ Ba)KJIMBE 3HAYCHHS 3 TOUYKH 30py 3a0e3MeueHHs TepPMETHYHOCTI i
HEMPOHUKIUBOCT1 KOHCTPYKILii.

Tomy nociimkenHs i aHai3 HaIPY>KEHO-Ie(OPMOBAHOT0 CTaHY B OKOJII TAKUX AC(EKTIB CTAHOBHUTH
3HAYHUN TEOPETUYHUHN Ta NPAKTHUYHUN iHTEPEC Y CydacHiH iHKeHEepHi MexaHilli.

AHani3 ocraHHix gociaimkeHb i myOaikaniii. B poborax [1, 2] momaHo po3B’S3KK 3a4ad Mpo
HaNpy>XeHUH CTaH KyCKOBO-OJHOPIJHHX IUIACTHH 3 KOHTAKTYIOUMMH Oeperamu po3pi3y 1o ay3i Koja, siKi
nepeOyBaroTh B yMOBaxX y3arajJbHEHOI'O IMJIOCKOr0 HANPYKEHOI'0 CTaHy Ha HECKIHYEHHOCTI.

Po3B’s30Kk 3amavi mpo HANpyXEHUH CTaH KYCKOBO-OIHOPITHOI OPTOTPOMHOI IUIACTHHKU 3 OJHHUM
SNINTHYHUM pO3pi3oM, Oepern sKoro mnepeOyBarOTh y YAaCTKOBOMY a00O IOBHOMY KOHTAaKTi, NpH
HABaHTA)XEHHI IJIACTUHKH Ha HECKIHYEHHOCTI, HaBeAEHO B [3].

Po3paxyHOK HampyKeHOro craHy KyCKOBO-OAHOPIJHOI 130TPOMHOI IUIACTHHKH, siKa nepeOyBae B
YMOBaXx y3arajJbHEHOI'O IUIOCKOT'O HANpPYy>KEHOro CTaHy Ha HEeCKIHYEHHOCTI, 3a HasiBHOCTI HA JIiHII mMoxiny
MaTepiaiiB 30H CHaro, TIaJKOro 0e3 TepTs KOHTAKTY 1 BiJicTaBaHHs, 37iiiCHEHO B [4].
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Merta crarrTi. PeanizyBaTi po3B’ 430K KOHTAKTHOI 3aa4i /151 HECKIHYEHHOI OpTOTPOIHOI INIaCTUHKU
3 KpyroBUM OTBOPOM Ta i30TPOMHOrO MNPYXHOTO IMCKAa, II0 NepedyBaloTh B yMOBax OAHOPIAHOTO

CHMETPUYHOI0 PO3Pi3y MO Iy3i Koma, Oeperu SKoro KOHTAKTYIOTh Y mpotieci gedopmartii.

IMocranoBka 3amayi. J[omycTrMo, 110 B OTBip HECKIHYEHHOT OPTOTPOITHOI IUTACTHHKU TOBIIMHOIO
2h, sxa mocnabjeHa KPYroBHM OTBOPOM OJMHHYHOIO pajiyca 3 KOHTYpoM Y, 0Oe3 3a30py i Hatsry
BCTaBJICHO NPYXXHHUH i30TpOMHHMN IHCK Takol )k (opmu Ta ToBumHHU. CepemHs IUIONIMHA TUIACTHHKU
BiJIHECEHA JI0 CHCTEMH MPSIMOKYTHHX (x, y) i monsipaux (0, A) KOOPIAMHAT 3 MOIKOCOM B IIEHTPi OTBOPY.
BBa)kaeThCsl, 1110 TOIOBHI 0CI OPTOTPOIIiT MaTepiany IUIACTUHKY CIIBIAAAI0Th 3 KOOPJHHATHUMH OCSIMH.

Ha ninsuui v, =[x — f,,7 + f,] auck cnasHuiil 3 MIACTHHKOIO, a Ha IHIIIH YaCTHHI KOHTYpPY ¥

MDK HUMH HasBHUM HACKPi3HUH CUMETpUYHUI po3pi3. IlnmacTrHUacTa KOHCTpPYKLis mepe0yBae B yMOBax
OZHOPIJHOTO y3araJlbHEHOro IJIOCKOT0 HAIIPYKEHOT 0 CTaHy Ha HECKiHUEHHOCT1, BUKJIMKAHOTO PIBHOMIPHO
PO3MONUIEHUMH 3yCHIUISIMA P 1 ¢, sIKi AilOTh B HallpsIMKax KOOpAMHATHUX oceil. BHacmigok il Takoro

HaBaHTAXCHHS Ha ,I[iJ'IHHI_Ii }/1 = [—CCO, CCO] IJIACTUHKA BCTYIIA€ B I'TIAAKY KOHTAKTHY B33€MOHiIO 3 JUCKOM.

KoHTaKT MK IIIACTUHKOIO 1 IMCKOM Ha JIISHKAX ¥, BIACYTHiM (puc. 1).
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Puc. 1. PospaxyHkoBa cxema 3agadi

Po3B’ 130Kk nocTaBneHoi 3aa4i nojsrae y BU3Ha4€HHI KOMIIOHEHTIB HAaNPY>KEHOI'0 CTaHy Ha KOHTYpi
OTBOPY ¥, @ TaKOX BCTAHOBJICHHI YMOB, IO HAKJIaJalOThCSl HA 30BHILIHE HABAaHTA)KCHHS Ta BEIUYUHY
po3pi3y, MpH BUKOHAHHI SKAX KOHTAKT MK TUIACTHHKOIO 1 JUCKOM Oy/e CYIUIBHUM (TTOBHUM KOHTaKT
OeperiB po3pizy).

Buki1ax ocHoBHOro Mmarepiamy. I'paHnuHi yMOBM 3agadi B 30HI KOHTakTy ¥, =[—0t,,0,]
MPUAMAEMO y BUIIIAI PIBHOCTI HOpMaJIbHUX 3MillleHb MJIACTUHKH 1 aucka. [Ipu BimcyTHOCTI cui TepTs iX
MOXKHA 3amucaTy Tak [4, 5]

(l)) : ( (1))_ : _ g _ _ 70
cos AU ~UW)+sina(y —v0)=0; 5, =50 =0, T,=T", Aey, (1)
a B 30HI cnar ¥, =[7m — fB,,7+ f,] nmactuHKM Ta quCKa — y BUIISIAI PIBHOCTI 3MileHb iX

KOHTYPHHX TOYOK [4, 5]

U_U(l):()’ V_V(l):(), Sp/l:S(l) Tp:Tp(l)s /1673' (2)

pL >

Tyr T,, S

oio> 1, p(l) , SS; — HOPMaJIbHI Ta JOTHYHI 3YCHJUIL Ha KOHTYpPi OTBOPY OpPTOTPOIHOI

IJTACTHHKH 1 IPY>KHOTO JIMCKA.
Bupasu ansi KOMIOHEHTIB BeKTOpa 3MIIIEHHS KOHTYPHUX TOYOK OPTOTPONHOI TUTACTUHKHU IPH
3aJlaHOMY HaBaHTa)XeHHI, MalOTh BUTIIA [3]

2EhU =(B,By~V,) j fi'(t)de+ Ry (2)+

a +B,
Luthe [ £ (t)ymlsin=——\de+ [ f,'(¢)In]sin
T
—a =By
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nificHi cTam. Pemra mo3HavyeHb Taki xk 5K i B [4].
nsxom migcranoBku (3), (4) B rpaHnyHi yMoBH (1), (2) Ta BUKOPHCTABIIN TO3HAYCHHS:
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OTPUMAEMO CHCTEMY 3 YOTHPHOX CHUHTYIISIPHUX IHTETrpajbHUX PiBHSHB 3 JIOTApUPMIUHUMHU SOpaMH IS

Bu3HauenHs ¢yukuit f”', f,', f,', f,' Ha OUISHKaX KOHTAaKTy i criaro
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Kpim cucremu piBHAHB (6), (7) MOBHHHI BUKOHYBAaTHCSl YMOBH CHJIOBOI piBHOBAr# Jucka [3, §]

% Bo a, Bo
[ £ @)de+ [ 17 )7 =0; [ £ @de+ [ F1(F)T =0, )
—Q -Bo - -Bo

SAKi CIyXKaTh [UI BUSHAYEHHS CTATUX C; 1 C, .

Axmo bysxuii £, f,', f,', f,' cTaHyTb BimOMi, TO KOHTaKTHi 3yCHJUIs Ha KOHTYpi OTBOpY

MJTACTHHKH, 3 BPaXyBaHHAM MO3HAYEHb (5), BU3HAYAIOTHCA 32 (hopMyIioro [9]
Tp+iSpl:(fz'(ﬂ,)—ifl'(l))(cosft—isin;t), rey. 9)

KimprieBi 3ycwiis Ha  KOHTYypi  OTBOPY OpPTOTPOITHOI  TUIACTHHKH — BU3HAYAIOTHCA 3@
crmiBBimHOIICHHAMY, HaBeneHuMu B [3] mpu € =0, a=»b =1, a NpyKHOro AMCKAa BHU3HAYAIOTHCS 3a
(hopMym0r0, HaBEIEeHOIO B [6].

Haonm:kennii po3B’si3ok 3amadvi. J[ns HaOmmkeHoro po3B’si3aHHs 3amadi (6) —(8) morpiOHO
BHKOPHCTATH YHCIIOBI METOMW, OCKUIBKHM 3HAaXOPKEHHS TOYHOTO PO3B’S3KY IIOB’S3aHO 31 3HAYHHMH
MaTeMaTHYHUMH TPYIHOIIAMHU.

Cuctema piBHSHB (6) — (8) Mae Taky X CTPYKTYpY, 5K 1 BiAOBiTHA cucTeMa LIS BUMIAAKY KYCKOBO-
OJTHOPIAHOT 130TPOITHOI IIJIACTHHKH 3 KOJIOBUM po3pizoM [4], ToMy i1 HaOIKEHH PO3B’A30K 3HAXOUTHCS
METOJIOM MEXaHIYHUX KBaJpaTyp Ta KoOJOKarlii, e)eKTHBHICTh SKOTO IMPOJEMOHCTpOBaHA B poboTax
[4, 6, 9]. MeTomoMm MUXOTOMIi BU3HAYAETHCS BETMYMHA 1 TIOJIOKEHHS 30HU KOHTAKTY.

Pe3ynbTaTi 4nca0BOro po3paxyHky. XapakTepUCTHKH TOCTIKYBAaHUX OPTOTPOITHUX MaTepialliB
1 JTiHI{, SIKi BIAMOBiAIOTh iM Ha PUCYHKAX, HABEJCHO B TabOmwmii 1.

Taébn. 1.
XapaKkTepHCTHKH J0CTiIGKYBAHUX OPTOTPOITHUX MaTepiaiB

. Bun

Marepian MIacTUHKH B B v, E.JE, i
Enokcun-rpadir 0.143 1.401 0.010 1/25 - —
Enokcun-cxmno 0.440 1.310 0.083 1/3 e
[3oTponHuii 1 1 0.300 1 -
CKJ10-€IOKCH 2.271 0.762 0.250 3 ———
I'padit-enoxcun 6.999 0.714 0.250 25 | .

Jn1s1 KyCKOBO-OTHOPiIHOT OPTOTPOIHOI IJIACTUHKH 3 KOJIOBHM PO3Pi30M, sika nepeOyBae B yMOBax
OJHOCTOPOHHBOI'O CTHCKY Ha HECKIHYEHHOCTI 3yCHJUIIMH D , ZOCTIMIKEHO BIUIUB OPTOTOMIl MaTepiaiy

IUTACTUHKH Ha BEIMYMHY TPAHMYHOIO KyTa 30HU PO3Pi3y, AJIS SIKOTO TOYKA PO3MHUKAHHS 30HHM KOHTAKTY
30ira€Thbes 3 KiHIIEM PO3pi3y, 1 PO3MOILT HANpYKeHb Ha JiHil MOALTY MaTepianiB IUIACTHHKH 1 TUCKA.
Pe3ynbpTaTi yMCIOBUX pO3paxyHKIB HAPYKEHOT'O CTAHY Ha KOHTYP1 OTBOPY IUIACTHHKY 1 IMCKA MTPU

JEE
p=1,q9=0 k= # =1, vV =03 MPOUTIOCTPOBaHO Ha puc. 2-3. B tabnuui 2, a5 BigmoBinHOro
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MaTepiany TIACTUHKY, OIaHO BETHYUHY TPAHUYHOTO KyTa 30HH PO3pi3y 1 3HAYEHHS HOPMAILHUX 3YCHITh
B IIEHTPI AUITHKA KOHTAKTY Ta CIIAlO.

~
~

1 :
Puc. 2. Po3nionisi KOHTAKTHHUX 3YCHJIb 7; , npu k=1

pA

i
R

Puc. 3. Po3noain kinbuesux sycuas 7, npu k =1

Tabn. 2.
PesynbraTn pospaxyHky Benuun ;i T,
Marepian a,(rpan) | T (), = O) T (), = 72')

TUTACTUHKH 0 P P

Enokcun-rpadir 50.68 -1.6002 -1.5033

Enokcuga-ckio 41.32 -1.3298 -1.2158

[3oTponHuii 64.63 -1.2239 -0.9805

CKJ10-enoKCu 29.49 -0.9196 -0.8301

I'padit-enokcun 19.02 -0.7317 -0.6519

BucHoBku. B naniii poGoTi 1ociikKeHO BIUIMB OPTOTPOIii MaTepiady Ha PO3MOIiT HAampyXeHb Y
KyCKOBO-OJIHOPiIHiM OPTOTPOIHIH MIIaCTHHLII 3 KOJIOBUM PO3pi30M, siKa IiepedyBa€e B yMOBaX OJHOPIJHOTO
y3arajbHEHOr0 IUIOCKOT'O0 HAaNpY)KEHOro CTaHy Ha HECKIHYEHHOCTI, BUKIMKAHOTO PIiBHOMIPHO
PO3MONUIEHUMH 3yCHIUIAMUA P 1 ¢ . JIns BiAMOBIZHOTO Martepiany IUIACTHHKU, BCTAHOBJICHO BETHYUHY
TPAaHUYHOTO KyTa 30HH PO3Pi3y AJIsl AKOTO PO3MUKAHHS MIOBHOTO KOHTAKTY BiOYBAa€THCS B KIHIIEBUX HOTO
TOYKaX.

Amnaniz  pe3yibTaTiB  YHCIOBUX PO3PaxyHKIB NPHUBOAMTH OO TaKUX BHCHOBKIB: TIpHU
OJHOCTOPOHHBOMY CTHCKY OPTOTPONHOI IUIACTHHKM Ha HECKIHUEHHOCTi B3IOBXK OCi CUMETPii KOJIOBOTO

PO3p13y, MaKCUMAJIbH1 3HAUYCHHA T 0 Y OCHTP1 30HU KOHTAKTY 1 CIIAI0 IJIACTUHKHU Ta KPYIJIOTO MPYKHOTI'O

AWCKa 3MCHIUIYETHCA IPpU 30inbInenHi F ¥ / E y 5 OPpTOTPOIILA MaTCplaly INIACTUHKN BHOCUTH CYTTEBHUU BIIJIMB

Ha BEJIMYMHY TPAHUYHOI 30HM KOHTAKTY 1 PO3MOILT HOPMAJIbHUX Ta KUIBIIEBUX 3yCHJIb B 30HI KOHTAKTY 1
CIIa10; BIUIMB OPTOTPOIIi Ha PO3MOALT JOTHYHUX 3yCHIIb B 30HI CHAIO MPOSBIAETHCA B MEHIIIH Mipi; IS
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3a0e3medeHHsl OiMpIIol MINHOCTI TMJIACTMHYACTOI KOHCTPYKUIi B 1H)XKEHEPHIM NpakTHLi JOLLTBHO
BUKOPUCTOBYBATH OPTOTPOIHI MaTepiay s Skux E_ / E >1.
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