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B pobomi 3 anzopummiunoi mouku 30py po3iAHYHMO Memoo 00UUCTIEHHA MYTbMUPPAKIMATbHUX XAPAKMEPUCIUK
Mmemooom box counting 0na mpueumipnux 300paxicens. llokazano, wio 3acmocyéanna anzopummie npeqyikcHux cym,
WBUOKO20 NIOHECEHHA 00 CMeneHA ma 0azamonomoKoeux OOUUC/IEeHb 3a0e3neuyc MOMCIUGICHb eeKMUHO20 AHANIZY
300paricenb 6eUK020 00cAzy (OecamKu 2izagoKcenie) 3a npuiiHAmMHUI uac (6i0 0ecAmMKIé ceKyHO 00 KiIbKOX X6UIUH) 34
PAXYHOK NIOBUUIEHO020 GUKOPUCIAHHA ONEPAMUEHOT nam’ami. 3anponoHO8aH0 MemooOuKy ONMUMAIbLHO20 6UOOPY PO3MIPY
300pariceHHA 3 Memor makcumizayii Kinbkocmi mouok Ha zpagixkax 3anexdcnocmeii y3a2aibHeHUX CMaAmuUCMUuYHUX cym 6io
Ppo3mipie 6okcie, w0 cnpuse niosuujennto mounocmi oouucnens. Haoano anzopummiuni piunienns ons peanizauii echekmuenoi
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IMPLEMENTATION OF FAST CALCULATION OF THE MULTIFRACTAL
SPECTRUM OF A THREE-DIMENSIONAL IMAGE

This paper examines the algorithmic aspects of calculating multifractal characteristics using the box-counting method
for three-dimensional images. It is demonstrated that the application of prefix sums, fast exponentiation, and multithreaded
computing enables efficient analysis of large images (tens of gigavoxels) within a reasonable time frame (from tens of seconds
to several minutes) at the cost of increased RAM consumption. A methodology for selecting the optimal image size is proposed
to maximize the number of points on the graphs of generalized statistical sum dependencies on box size, thereby improving
calculation accuracy. Algorithmic solutions for efficient multithreaded data processing are also presented.
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1. Problem formulation.

The application of multifractal analysis in materials science is gradually expanding from two-
dimensional problems (e.g., the analysis of polished sections and cross-sections) to three-dimensional ones,
driven by advancements in both experimental and computational technologies. In the three-dimensional
case, the analysis encompasses the entire structure of an object without attempting to reduce its
characteristics to those of its two-dimensional sections. While a relationship between two-dimensional and
three-dimensional structural characteristics undoubtedly exists — particularly in the context of multifractal
descriptions — its nature remains insufficiently explored. At the same time, modern research methods
enable the acquisition of three-dimensional structural information, necessitating the development of
efficient methods for calculating multifractal characteristics in three-dimensional structures.

From an algorithmic perspective, the problem of calculating multifractal characteristics for three-
dimensional objects is a direct generalization of its two-dimensional counterpart and reduces to computing
the spectrum of multifractal dimensions for a three-dimensional matrix of binary values (0/1) using the box-
counting method. The primary challenge in transitioning to three-dimensional analysis lies in the increased
computational complexity and memory requirements, which scale at least proportionally to the matrix size
N. Consequently, the direct application of algorithms that exhibit acceptable efficiency in the two-
dimensional case becomes impractical and necessitates substantial algorithmic optimization.

Notably, the choice of algorithms in scientific research on materials science is often underexplored.
Researchers frequently provide only references to third-party software (if used) or omit descriptions of the
implemented methods entirely. This lack of methodological transparency complicates the reproducibility
of results and the comparability of different approaches, particularly given that different algorithmic
strategies can lead to significant variations in multifractal analysis outcomes (e.g., [1], which compares
results obtained via the box-counting and caliper methods).

This paper presents a methodology for the efficient computation of the multifractal dimension
spectrum D using the box-counting method. Various factors affecting the accuracy of multifractal

characteristic calculations for three-dimensional images are examined. While the primary focus is on three-
dimensional structures, the proposed approach is equally applicable to two-dimensional cases without
modification. The box-counting method was chosen for its versatility and widespread use, particularly in
the field of materials science.
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2. Materials and methods.

The computational times, averaged over 10 computational experiments, were obtained on an Alfa
Server workstation equipped with two Intel Xeon Platinum 8280 processors (56 cores/112 threads), 512
GB of DDR4 RAM, and running Ubuntu 20.04.6 LTS. In all experiments, a set of seven values of the
moment order g (see below) was used to illustrate a typical scenario.

The box-counting method is one of the most widely used techniques for assessing the multifractal
characteristics of complex structures in materials science. A detailed description of this method can be
found, for example, in [2,3]. The method involves covering the studied object with a grid of boxes of size
¢ and analyzing the dependence of the number of occupied boxes on & For multifractal analysis, a

generalized statistical sum is used:
Z(q,8)=2pf(8) (1)

where p,(€) is the probability of object points falling into the i-th box. The multifractal dimension is then
defined as:

D —lim ) InZ(g,¢)

T oem0g—1 ln(g) 2

The case of g=—1 is considered separately and does not impact the computational efficiency.
Taking into account the limited range of fractality, the dimensionality in a real structure is calculated
as:

_ -1 dInZ(q,¢)
“g-1 dln(e)

where the computation is performed within the fractality range, defined as the region of € values for which
the dependence of In(Z(g,¢)) on In(¢) is linear.

The task of computing the D spectrum involves constructing a matrix of generalized statistical sums
Z(q,¢) and further processing this data. Determining the fractality range (the set of € values for which the
graph of Z(g,¢) versus ¢ in double logarithmic coordinates is a straight line) and calculating the D, spectrum
from the obtained datasets are not addressed in this paper, as they do not impact computational efficiency
and constitute a separate algorithmic problem deserving independent study.

In the following, we limit ourselves to cubic images represented as an NXNxN matrix. The box
counting method involves dividing the image into boxes of size &, which requires N to be divisible by e.
The number of valid values of ¢ directly influences computation time but is also critical for the accuracy of
the D spectrum calculation.

3. Results and discussion.

Selection of image and box sizes.

For accurate analysis of three-dimensional images represented as bit matrices of size NXNXJ, it is
crucial to maximize the precision of multifractal dimension (D,) calculations. This requires the largest
possible set of box size values (g). Increasing the number of possible € values enhances the accuracy of
approximating the dependence of the generalized statistical sum on the box size but also increases
computational costs. At the same time, to ensure complete coverage of the object by the grid of boxes, €
values must be divisors of V.

An analysis of the number of divisors of integers in the range 1<N<3000 (Fig. 1) demonstrates that
selecting values such as N=1260,1440,..., which correspond to the maximum number of divisors in this
range (see sequence A067128 in OEIS [4]), is most advantageous. For experimental data where N does not
correspond to one of these optimal values—especially when N has a small number of divisors — it is
preferable to discard "extra" parts of the data at the image edges and select the closest N with a sufficient
number of divisors. This approach has minimal impact on the accuracy of D, calculations, given the
negligible influence of edge effects on multifractal dimension computations [5].

When studying artificially generated models of three-dimensional structures rather than
experimentally obtained data, it is possible to choose an appropriate model size from the outset, taking into
account available memory and allowable computation time.

Matrix scanning and box occupancy calculation.

The computation of generalized statistical sums for each pair (g,€) requires determining the number
of unit elements in each box of size «.

€)
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Fig.1. Number of divisors for integers from 1 to 3000

When using a direct scanning approach (brute force method), the entire matrix is processed
repeatedly for each divisor € of N. The computation time increases significantly with growing N (see Table
1).

Table 1
Computation time for generalized statistical sums using the brute force method for different
values of N.
N 1260 1440 1680 2520
Calculation time, min 19.6 29.2 72.0 197.2

Pseudo-code for the method:

for Divisors N € do
fori=0to N/e
forj=0to N/e
for k=0 to N/e

Scan the box (i*g,j*e,k*e)-(i*e+ g,j*et g k*et €)
Calculation ofn_iand p i
for Value q ido
Calculate (p_i)"q and sum with Z(q,€)

Note that when N is an exact power of some number (typically 2, less commonly 3), transitioning
from a smaller divisor to a larger one results in each larger box being composed of a certain number (2¢ or
39, where d is the dimension of the space) of smaller boxes already considered in the previous step. This
enables a more efficient computation of the number of unit elements in a larger box by summing the
corresponding values from the smaller boxes. This approach is used, for instance, in [6]. However, the
number of divisors in such cases is relatively small — for example, for N=2048, there are only 12 divisors,
whereas for nearby values of N, such as 1680 or 2160, the number of divisors reaches 40. Therefore, despite
being a common practice, relying on "power" values of N is generally inadvisable, as demonstrated in [7],
where it is shown that such an approach can lead to significant errors in the computation of fractal
dimensions.

Conversely, for values of N with a large number of divisors, the larger boxes do not fully consist of
smaller boxes. As a result, the number of unit elements within them must, at least partially, be recomputed
at each step. The following method provides an efficient solution to this problem.

Prefix sum method.

Computational efficiency can be significantly improved by constructing a prefix sum matrix
M[1][J] [k], which stores the cumulative sum of the unit elements in the submatrix (0,0,0)—(i,j,k). Using
this structure, the number of unit elements in any given box can then be determined via the inclusion-
exclusion principle:

M[fm][n] - M[i-1 J[m][n] - MUJG-1](n] - M[1J[m]k-1]
+ M[i-1][j-1][n]+ M[i-1][m][k-1]+ M[1][j-1][k-1]
- MIi-1][j-1][k-1]

The main drawback of this approach is the significant increase in memory consumption due to the
use of an auxiliary matrix, whose size greatly exceeds that of the original bit matrix. This is because, if
fully populated with ones, the values in the auxiliary matrix can reach N°. The use of 4-byte unsigned
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integers imposes a limit of N=1625. Considering the previously discussed data on the number of divisors,
the optimal values are N=1440 or N=1260. In these cases, the total memory required to store both the bit
and auxiliary matrices is approximately 11.5 GB and 7.7 GB, respectively.

If 8-byte unsigned integers are used, the maximum feasible value of N increases to approximately
2.6 million voxels. However, the computational complexity — requiring the processing of 1.8x10"’ matrix
elements — far exceeds the capabilities of modern computing systems, even with multi-threaded
processing. Additionally, the memory required for storing the matrices would reach 130 exabytes, making
such an approach infeasible.

Even for a relatively modest value of N=2520, the total memory required for storing both matrices
reaches 121 GB. Thus, considering the hardware limitations of general-purpose computing systems, the
optimal range of N values at the current level of technology is 1260—1440 voxels. If a substantial amount
of RAM is available, this range can be extended to 1680-2520 voxels.

Constructing the prefix sum matrix in a single scan significantly improves computational efficiency.
However, this step is poorly suited for parallelization due to dependencies between data elements: each
element M[1][J] [k] is computed based on the previously calculated values M[1i-1][7] [k],
M[1i][j-1]1[k],andM[1] [J] [k—11]. The corresponding pseudocode is presented below:

fori=1to N do
forj=1to N do
fork=1toNdo
Mi][jl[k] = Src[i-1][j-1][k-1]
+ M[i-1][j1[k] + M[1][j-1][k] + M[1][j][k-1]
- M[i-1][j-1]{k] - M[i-1][j](k-1] - M[i][j-1][k-1]
+ M[i-1][j-1]1[k-17;

The order of the nested loops must be maintained as specified due to processor architecture
constraints. Altering the traversal order results in a several-fold increase in computation time due to
disruptions in data cache locality.

Parallelizing the computation of prefix sums is an extremely challenging task. The dependence of
each matrix element on previously computed values imposes a strict calculation order, making it impossible
to evenly distribute the workload across threads. Implementing a parallel algorithm requires complex
synchronization mechanisms, which introduce significant overhead, effectively nullifying the potential
performance gains. Attempts to develop an efficient parallel algorithm for prefix sum computation have
not yielded substantial improvements; even in the best case, the achieved speedup was negligible compared
to the considerable increase in code complexity.

Given these limitations, a single-pass scan of the bit matrix was chosen as the preferred approach.
This method enables the subsequent retrieval of w values for all boxes, regardless of their size, in O(1) time.
The time required to construct the prefix sum matrix for various values of N is presented in Table 2.

Table 2
Computation time for the prefix sum matrix at different values of V
N 1260 1440 1680 2520
Calculation time 7, s 10,0 15,1 38,3 136,6
T/N*x10’ 5,0 5,1 8,1 8,5

A sharp increase in the T/N° ratio is associated with the transition to a larger matrix element size
(from 4 bytes to 8 bytes), as well as with cache locality issues arising from large memory sizes.

Once the auxiliary prefix sum matrix has been constructed, the next step is to compute the generalized
statistical sums matrix.

Computing generalized statistical sums.

At this stage of the algorithm, a matrix of generalized statistical sums must be constructed. For each
value of ¢, this matrix consists of a vector of doub1le values, one for each e.

Using fast exponentiation.

Experience gained during the development of Fraculator [9], a program for computing the
multifractal characteristics of two-dimensional images, indicates that employing the fast exponentiation
algorithm [10] instead of the standard pow function for integer values of ¢ significantly improves
performance [11]. As shown in Table 3, simply replacing the pow function call with fast exponentiation
results in a performance increase of approximately 1.7-fold for typical input matrix sizes.

Table 3
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Computation time for the matrix of generalized statistical sums for different values of NV
using various optimization methods

Calculation time, s
Serial | Parallelized
N Standard pow function Fast exponentiation
1260 488 283 13.9
1440 730 423 20.3
1680 1705 1012 48.7
2520 5077 4246 162.0

Parallelization of Computation.

Further acceleration of calculations is achieved through multithreading. However, simply dividing
the calculation of generalized statistical sums between threads for different € values is inefficient and
provides little or no real speedup. This is because while =1 requires processing N° boxes, £=2 requires
only N°/8 and so on. The total computation time for all & values is estimated as follows:

> 1

Z}: —~1.202 (4)
where the time for calculating the generalized statistical sum for e=1 is assumed to be 1. Even if all sums
except for e=1 are calculated instantly across all threads, this only speeds up the calculation by 17%.
Therefore, standard parallelization algorithms, including those using OpenMP, are not applicable.

The solution involves finer-grained parallelization, i.e., parallelizing computations for the same value
of €. Since the computation for =2 is much smaller than for e=1, multithreading is used only for e=1,
while other € values are processed in a single thread as separate tasks.

Given a limited number of processors/cores, it is important to distribute the workload evenly. To
achieve this, a simplified model is used: out of M threads, K threads handle €¢>1, while the remaining
threads work on €=1. The total computation time is minimized by considering the expression (5) derived
from Equation (4), when it reaches its minimum:

1 0.2
+— )
M-K K
The highest computing speed is achieved when the optimal distribution of threads is found

(K=0.31M).

In the program, the calculation for =1 was divided into 64 parts, which were dynamically assigned
to threads. The number of threads was determined by the condition in Equation (5). For other € values, each
sum was computed as a separate task. To avoid the overhead of mutexes, atomic task indices were used
with std::atomic<int>.

Figure 2 shows a general block diagram of the D, spectrum calculation.

Z(g,g) matrix

calculation Source image
matrix

Matrix of prefix sums

[~ Thread _ Tr‘read
1%tr|-'\l tion Thread p00| 1

-

g=19. # Thread distribution / Thread pool 2

Fig. 2. Scheme for calculating the matrix of generalized statistical sums

As can be seen from Table 3, parallelization allowed us to speed up the calculations by approximately
20 times (for the given computer architecture and number of cores). Other optimizations at the architectural
level (memory alignment, unsynchronized writing data, etc.) had an unstable effect within the measurement
erTor.
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4. Conclusions.

1.A method is proposed for selecting the size of the source images by choosing values with the
maximum number of divisors that are closest to, but not exceeding, the available sizes. This approach helps
to maximize the number of points and improve the accuracy in determining multifractal characteristics from
the graphs of the dependence of generalized statistical sums on the box size.

2.To accelerate computation, the use of the prefix sum method, fast exponentiation, and
multithreading is proposed. Together, these techniques resulted in a computational speedup of
approximately 50 times compared to the straightforward brute-force method.

3.Efficient parallelization requires fine-grained parallelization of calculations, particularly splitting
the task of calculating the sum for individual boxes into subtasks.

4.The applied improvements enabled a tenfold speedup in calculating the multifractal characteristic
spectrum, ensuring that it can be completed within minutes even for gigavoxel images.
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