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PO3B'SI30K KOHTAKTHOI 3AJTIAYI ITPO IMMEPEJAYY 30CEPEI)KEHOT'O
HABAHTAXKXEHHA

B pobomi posenanymo po3e’a3ok naockoi KOHmakmHol 3a0ayi Ha OCHOGI Jineapu306anoi meopii npyxcuocmi npo
nepeoavy HAGAHMANCEHHS 34 0ONOMO2010 HECKIHUEHHO020 HEOOHOPIOH020 CMPUHZEPA 00 080X 3AUWEMIEHUX 0OHOI0 ZPDAHHIO
RPYHCHUX CMYZ RPU HAAGHOCMI NOYAMKOSUX (A0O 3ANUWIKOGUX) HANDPYXHCEHb. AGMOPAMU GUKOHAHO O0CHIOMNCEHHA Y
3a2aNbHOMY 8U2TIAOL 015 OYHCe GEJIUKUX NOUAMKOBUX Oeqhopmayiil i pO32AAHYMO 0eAKI 6apiaHmMU Meopii MAIUX NOUAMKOBUX
dehopmauiin npu ymosi 006inbHOT CMPYKMYPU RPYHCHO20 ROMEHYIaNy. 3 6UKOPUCIMAHHAM IHMEZPAlIbHO20 NEPemeopeHts
Dyp’e 60anoca ooepicamu po3e’a30K OCHOBHUX I[HmMezpo-Oughepenyiiini pieHAHL [ npeocmasumu U020 y 6u2iaoi
Keazipecynapnux neckinuennux cucmem. Kpim yvoz2o oocniosyceno ennue icnuyiouux nouamxosux (3anuuiKoeux) HanpyyHcens
01 RPYHCHUX CMY2 HA 3AKOH PO3NOOINY OllICHUX KOHMAKMHUX HANPYYHCEHb 3a JIHIEI0 3 HECKIHYeHHUM He0OHOPIOHUM
CHIpUHZEPOM.

Haneni nouamkoei HANPYsceHHA y MAKUX CUCIEMAX CMy2 HPU3B00AMb 00 AKICHOI 3MIHU 3AKOHY PO3nOOiny
KOHMAKMHUX HANPYHCEHb, a came nPu CMUCKY8AHHI KOHMAKMHI HANPYHCEHHA CYMMEGO 3MEHULYIOMbCA (A 011 PO3MAZYBAHHA
— 30inbuwiylomsbea), MAKumM YUHOM NePeMilieHHA Npu CMUCKYBAHHA CYMMESO 3POCMAIOMb, A4 NPU PO3ZMAY6AHHI —
smenuyromoca. Kinvkicnuil xapakmep énnugy nouamkogux HaAnpyHceHs y 6UCOKOENACMUYHUX Manmepianax npu nopieHAHHI
3 HCOPCMKIMUMU MAMEPIANAMU MAE AHANO2IYHUIL XapaKmep, W0 i AKICHUIL.

Knrouogi cnosa: nineapuzosana meopis npyycnocmi, nouamkosi (3a1umiKogi) Hanpyyicenns, KOHMAKmMHI 3a0adi,
inmezpanvhe nepemeopenns Dyp’e.

Yu. Zhiguts, V. Rudj, |V. Lazar

SOLUTION OF THE CONTACT PROBLEM ON THE TRANSMISSION OF A
CONCENTRATED LOAD

The paper considers the solution of the plane contact problem based on the linearized theory of elasticity about the load
transfer using an infinite non-uniform stringer to two elastic strips clamped by one face in the presence of initial (or residual)
stresses. The authors performed a general study for very large initial deformations and considered some variants of the theory
of small initial deformations under the condition of an arbitrary structure of the elastic potential. Using the integral Fourier
transform, it was possible to obtain the solution of the main integro-differential equations and present it in the form of quasi-
regular infinite systems. In addition, the influence of existing initial (residual) stresses for elastic strips on the distribution law
of actual contact stresses along a line with an infinite non-homogeneous stringer was investigated.

The initial stresses present in such strip systems lead to a qualitative change in the law of distribution of contact stresses,
namely, during compression, the contact stresses significantly decrease (and for stretching, they increase), thus, displacements
during compression significantly increase, and during stretching, they decrease. The quantitative nature of the influence of the
initial stresses in highly elastic materials when compared with stiffer materials has a similar nature to the qualitative one.

Key words: contact problems, the linearized elasticity theory resiliency, resilient protective strap, initial (residual)
tension, initial deformations.

Introduction. Despite the large amount of literature in which contact problems of the linearized
theory of elasticity are considered [1,2], research on the problems of elastic contact interaction of bodies
with initial stresses in our country and abroad appeared relatively recently. Only recently, the study of the
contact interaction of prestressed bodies has gained special interest in connection with the introduction into
practice of new artificial materials that can withstand large initial deformations. In practice, residual stresses
(for example, technological ones) are artificially created to compensate or adjust them in structural elements
during operation, as well as to increase strength and stability. This is justified by the fact that when solving
the problem of contact interaction of elastic bodies with initial stresses, the linear theory of elasticity used
cannot take into account the influence of these stresses. To ensure the calculation of the entire process, they
can be taken into account using the linearized theory of elasticity [1,3-6]. Taking into account the initial
stresses within the framework of the linearized theory of elasticity leads to new formulations of problems
of the interaction of deformed bodies, which differ significantly from the formulations of classical problems
of the theory of elasticity. And although when solving these problems, the system of basic differential
equations, expressions that are used to determine the components of the stress tensor and for which the
entire structure of the boundary conditions differs significantly from the corresponding systems of the
described equations of the stress tensor of the theory of elasticity, by their nature and structure, they are
related to ordinary contact mixed problems [6-8]. This paper shows a possible variant of setting up and
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using a general method of solving the problem for an arbitrary form of elastic potentials, which is provided
in a general form for theories of large initial strains, as well as the use of some types of problems from the
theory of small initial strains.

When setting the specified tasks in the cited works, an assumption was made, namely, the contact
interaction of bodies with initial stresses and elastic stringers is carried out immediately after the initial
stress state occurs; external loads in the elastic overlay cause a perturbation of the stressed deformation
state with a value much smaller than the value of the initial stressed state; the initial stress state of one of
the interacting bodies has a structure that can be considered homogeneous; the solution of linearized
problems of the theory of elasticity related to the contact interaction of stressed bodies and overlays is
unique [6].

In fact, in the work using the relations of the linearized theory of elasticity [1, 8-10] solutions to the
problem of the contact interaction of a heterogeneous stringer with pre-stressed tapes are proposed. The
study was conducted in a general form for compressible and incompressible bodies using the theory of
initial deformations with an arbitrary structure of the elastic potential.

Using [1,4,6,10], we will perform the calculation in the coordinates of the initial deformed state,
y, » Which are related to the Lagrangian coordinates x, by the relations y; = 4;x;, (i = 1,2) where 4; —

are the elongation coefficients that determine the change in the coordinates of the initial state in the
directions of the coordinate axes. When conditions 1-4 are fulfilled in the area of contact Ly{ay, by} for
elastic overlays and an elastic strip with residual stresses, the boundary conditions apply at

Y2 = 0uly) = uy(v1); v(y1) = uz(y1); V(1) € Ly 1

du du; dv du,
—=—— ==V €L 2
dy, dy, " dy, dy1 (Y1) k ( )

Boundary conditions (1) and (2) together with conditions (1-4)

p = fay; TCE)AL, v e (3)

complete the formulation of linearized problems about the contact interaction of elastic overlays (a; =
—o0; b, = +00) that reinforce the elastic strip.

Statement of the problem and basic solving equations. Let the infinite elastic strips of thickness
with the initial stresses are pinched by faces , and their other faces are connected to each other by an infinite
inhomogeneous elastic stringer of small thickness h (Fig. 1).

The infinite prestressed strips reinforced H in this way are under the action of the distributed
horizontal forces y, = +H of intensity applied to the connecting infinite non-homogeneous stringer
according to h (Fig. 1). It is necessary to establish the laws of distribution of normal p(y;) and horizontal
q(y,) stresses in the area of contact.

|¥o

Fig. 1. Diagram of the distribution of horizontal forces applied to a prestressed strip
reinforced with a stringer

When the area of contact with the stringer is investigated, we assume that under the action applied
load and tangential stresses, it stretches or compresses like a rod in a uniaxial stress state [11]. We also
assume that along the horizontal axis there are vertical elastic movements of steel. The last assumption is
due to the small thickness of the stringer, since its changes from point to point in the process of deformation
are insignificant and can be neglected.

Let us denote the intensities of normal and tangential contact stresses acting along the line of
connection of the stringer with elastic prestressed strips p(y;) and q(y,), and u, (y,) vertical and u, (y,)
horizontal displacements respectively.

Let's move on to obtaining the main systems of solving equations for the given problem. To this end,
we first consider the equilibrium of the stringer.

From the condition of equilibrium (—oo, x), we get parts of the stringer

0y, 00 = 2 24 1a(0) = g0 (D]dE, (=00 < y1 < 00). 4
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This means that the cross-section of the stringer is rectangular, the width of which is equal to unity,
and the Ty, y, axial stress in the direction of the axis. According to Hooke's law, we will determine the axial
tension and equilibrium of the stringer Oy; .

From the condition of equilibrium, we get parts of the stringer

Oy,y:(y1) = Elgyt’yl)(yl), (5)
_ adu(y
where Eyiyiy) = dy11 ’ (6)

here u(y;) - horizontal displacements of points of the elastic stringer, E; - modulus of elasticity of the
stringer.
Taking into account (4) — (6), we find

T = 2 Pela(®) = qo()de, (—o0 < y; < 00). ™

With the established assumption that the stringer bends in the vertical direction, it is possible to write
d4—

DL — (5, — py(y), (=0 < 3, < o). ®

here v(y,) — vertical movements of stringer points; D — bending stiffness of the stringer; po(y1), p(y1) —
intensity of vertical forces.

Existing conditions at the line of contact of stringer with elastic bands

u(y1) = w0, v(y1) = uz (1), ¥y, € (0 <y; <o) ©)
where u4 (y;), u, (1) is the displacement of points in elastic bands with initial stresses. Let's determine the
law of distribution of normal and tangential contact stresses along the connection line of the stringer with
the prestressed tapes.

To determine the movements and stresses along the line of contact of the stringer with the strips, we
will set the boundary conditions of the problem for the edges of the strips. free from pinching with initial
stresses from the force P applied at an angle «, [4,6,11]

Q22(y1,0) = —P&(y1) sinag; Q11(y1,0) = —P8(y1) cos ay; (10)
u(y1 — ) = 0 up(y; —t) = 05 (=0 < y; < ), (11)
where is the Dirac delta function.

As a result of solving the given problem, the impact function from the action of the tangential force
(at ay = 0) for equal roots of the characteristic equation [1] (n, = n,) are as follows:

ho1(y1) = %fooo Hyi (@) sina yrda (12)

[0

1

hy2(y1) = ;f Hy(a) cos a y,da.
0

For unequal roots (n, # n,) we can write

hy1(y1) = %fooo Hyi(a) sinay,da, (13)

[ee)

1 ~

hy2(y1) = ;J Hy,(@) cos a y,da.
0

For unequal roots (n; # n,) we can write

ha1(y1) = %fooo Hy1(a) sinay,da, (14)

o)

1 ~
hy (y1) = ;f H,,(a) cos a y,da.
0

The kernels H;j(a) and ﬁij (a) respectively have the form [1,12,13]:

fOF n1 = nz
Hay (@) = mg[—(s + 1)(s5:§ (@) — a¢py) + ch®apy — sysh?agy —s] =
= my[—(s + 1)(s;shap,chap; — ap,) + ch?ap, — s;sh?a¢p; — s] - A7 (a), (15)
mem
Hyp (@) =i \;n_ll [s - sich?*ag, + (agp,)? — agié(a) — sfsh?(ag,) — s - 51] - AT (@),
forn, #n,

Hy1 () ?nmr;)l[_ssl(a(i’ﬂfz (@) — s&(a) + s(apy)é(a) + &(a)] - 471 (@), Hyp(a) =
(L= 51chQady) + 5181(@) + sadi84(@) + 551(ag) shagy -
1
—ssych?agy; — st(ag;)éa(a) + §3(a) ] - 471 (a), (16)
here n, and n, are the roots of the defining equation [1,13]. The quantities appearing in formulas (13),
(14), (15), (16) are expressed in terms of the known parameters of the initial stress state [1,14].

=i
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Solving the system of recurrent equations. We apply the principle of superposition to determine
the displacement of the points of the elastic band in the direction 0y, and 0y, under the simultaneous action
of normal and tangential stresses for compressible and incompressible bodies for potentials of an arbitrary
structure [1]

w () = [ Rk (lyy — thp@dr + [ hyp(lys — TDq(@)dr, (17)

Uy (yy) = f har(Iyr — Thp(@de + f hoa(Iyr — TDq(@)dx.

Following [1,9], according to the system of equations

B21) _ ), (o0 < y; < 00) (18)
dy,

d
B0 T2 2 [ (240 - qo(@le

Assuming that the heterogeneity of the stringer varies according to the law
Ei(y1) = E[(1 +6f(y1)], (=0 < y; < ), (19)
where f(y;) is known function, § is small parameter.

Using the contact boundary conditions (9) and presenting the unknown contact stressesp,(y1),
qo(y1) in the form of series of a small parameter

Q1) = Xz 6% qP (1), (o0 < y; < 00), (20)
let's write the system of solutions of recurrent systems of equations
du,©®
T =0, (~o0 <y < ) (21)

d2u,©
ph 00 — 290 (3y) - go(v2),

)
T =0, (k= 12,...) (=0 < yy < ), (22)
d*u; 9 (y1)
th1—21 q(k)()’1) - QO(k 1)(}’1)
d(y1)
where
0 D) = hEo = [rom 2 o 0] (k= 12,...),

w0 = [ haOr - op®@de+ j haz(1y1 — TDq® (@),
u(y1) = f_m hy1(ly1 — tDp® (2)dt + f_ ho (1 — D)g® (D)dr, (0 <y, < 0,k =

0,1,...),
(k=1) _ a? d?u, V(1) _
RE0n) = Do g [f(yl) "o [ te=12,..), (23)
d dulft (y1)
®=D(y,) = Eoh (1) —= 21, Do = Eol.
f2 V1 0 d(y1) f d(yy) 0 0

where Dy is the zero term of the expansion for the series, D(y;) = IE;(y,) — bending stiffness of the
stringer, |1 — parameter of inhomogeneity.

System (21) describes the contact problem for a homogeneous infinite stringer [6,13,15], each
subsequent system with (22) differs from the previous external load. The solution of the contact problem
for a prestressed strip with a heterogeneous infinite stringer is simplified to the solution of a series of
uniform contact problems with different external loads system (21). The zero approximate solution, that is,
the solution of system (21) using the Fourier transform, is constructed in [1] and has the form

p(y;) = %I_Z[O‘ZHL(O‘)%(“) + HZZ((X)IN)O(O()] H(a)e™1do; (—0 < y; <) (24)
a(y1) = 2= [ [H11(@)d0(00)-iH1z (@)po ()] H (@) ™1 da.

Here, the quantities H™1(a), H{j(a)(i,j = 1,2), are expressed through functions H;;(a) and
Hij(a)(i,j = 1,2), are determined by the formulas of equal and unequal roots of the equation [1,3,6,13] in
the case of the specific structure of elastic potentials. The rest of the approximate solutions of influence of
the heterogeneity of the stringer material are constructed in a similar way, where p, () and g, () is the

Fourier, and u is the Lamé coefficient.
Thus, the k approximation has the form

p®(yy) = - [72 PR (s) e~ 1ds, qO(y,) = - [ QU(s) e7¥1ds, (k = 1,2,...),
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where

P (s) = Ds?{[E7D(5) [Eohs?Hya(s) + 11— Eohs £ (s)H1z(5) }/L(S)'

W —IEyhs {fz(k_l) (s) [DOhS4H11(s) +1]+ Dohs3fl(k_1) ()H5(s) }
QY (s) = L(s) (25)
(k=12,...),
are Fourier transforms of contact stresses.
In (25):

L(s) = [Dos*Hy1(s) — 1][Eghs®Hy(s) + 1] + DoEos*hHE, (s),
7O = FIFD 01, G = 12), (k= 1.2,...),
where F is the Fourier transform operator for the specified function (functional).
Applying to (21) and (22) the integral Fourier transform to the contact stress transforms:

h11()’1)P(0) ) — 1h12(}’1)Q(0)(J’1) =0
th}’12h21(}’1)P(0) (1) = [Eohy1%haa(y1) + Z]Q(O) 1) = Qo(y1)- (26)
h11()’1)l’(k)(J’1) - Ihlz(yl)Q(k)(J’1) =0(k=12...)
X Eohy12ha1(y0)p® (1) = [Eohyr*haa (1) + 210 (1) = *P0n)  (27)

where

p® (1) = F[p® )], QM) = Flq®(y)] (k=0,1,2,...).

Qo(y1) = Flao(y1)], Qo(k_l)(yl) = F[‘Io(k_l)()ﬁ)],

and | is the heterogeneity parameter, and h;;(y,) is the influence function, the expressions:
for equal roots n; = n,:

hi1(y1) = %fooo Hy; (@)cosay, da, (28)

1 poo ,
hi2(y1) = ;fo Hyp(@)sinay; da,
for unequal roots n; # nj:

hi1(y1) = %fooo Hy1(a)cosay, da, (29)

11 -
hi,(y1) = ;f Hiz(a)cosay, da

0
Here, h;;(@),i,j = 1,2 the influence functions, which characterize the movement of the limit points
v, = 0 of an infinite elastic band with initial stresses from a unit horizontal force, core H;;(a) and ﬁij (a),
respectively, have the form (15), (16).
After finding the transformants of the contact stresses from systems (26), (27) and applying the

inverse Fourier transform, the expressions of the zero and k approximation of the normal and tangential
stresses

o H* , —i
PO ) = £ [, 528 0y (@)signae ™ Vida; (—oo < y; < o) (30)
o H* _:
a0 =", Hizg) Qo(@)e 1 da;.
o H* - , —i
pP ) = %f_mﬁg)%(k D(a)signae™®1da; (—oo < y, < ) (31)

) _ H o Hu(@) 5 (k-1) —iay
a0 =5/, T Q- (@e ' da.

Here H(a), H{‘j (a)(i,j = 1,2) the quantities are expressed through known functions H;;(a) and
Fil-j (a)(i,j = 1,2), which are determined by the formulas of equal and unequal roots of the equation [1,16]
for the corresponding structure of elastic potentials.

Expressions of contact stresses (30) describe the solution of the problem for a uniform stringer, which
is the zero approximation of the problem for a non-homogeneous stringer. In this way, the approximations
specified by formulas (31) create a variant of the solution for a non-homogeneous stringer. At the same
time, it is possible to solve contact problems of an elastic body, with an infinite stringer, in which a weak
heterogeneity varying according to the law is simulated

Ei(y1) = E[(1 + 6f (y1)] (w0 < y; < )
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where f(y;) is known function, § — small parameter.

System of solving equations. Having applied to both parts of the system (2.8) the integral Fourier
transform by variable and using the convolution theorem, we find the expressions.

The zero approximation for the cases of equal and unequal roots of the characteristic equation will
take the form (24), if these formulas are substituted:

- for equal roots (n; = n;) H;j(a) on Hy;(a),

- for unequal roots on (n, # n,) H;j(«) on Hij (a),

- where the kernels H;;(a) and Hij (a) have the form (1.11) and (1.12), respectively.

Let's consider numerical examples for incompressible bodies of neo-Hookian material (Treloir
potential) (Fig. 2, a, b).

P 1

S

Fig. 2. Numerical examples for incompressible bodies of neohouk material: a — for the
dependence of p® () on &, b — for the dependence of q(&) on &

Here p(§), q(&) are dimensionless contact normal and tangential stresses in elastic strips with initial
stresses. The value 4; = 1 corresponds to the results obtained in the work [11,16], 4; = 0;0,8;0,4 —
corresponds to the initial compression stresses, and ¢ — the initial tensile stresses, is a dimensionless
coordinate of the initial stress state in the elastic band with the initial stresses.

The analysis of the graphs shows that in the case of compression (1; < 1), The presence of initial
stresses in the strip leads to a significant reduction in tensile stresses (A; > 1) - to their increase.

Conclusions. In the work using the linearized theory of elasticity, it was possible to obtain a solution
of the planar contact problem with the transfer of a concentrated horizontal load from an inhomogeneous
infinite elastic stringer to prestressed strips with pinched faces. The calculations were based on the theory
of large initial deformations and established several variants of small initial deformations. The solution of
the problem is determined for normal and tangential contact stresses thanks to the system of recurrent
integro-differential equations. The zero approximate solution of the inhomogeneous problem is built on the
integral Fourier transform, which led to the representation of contact stresses by Fourier integrals.

1. The presented general case for equal and unequal roots of the equation of contact problems based
on the linearized theory of elasticity makes it possible to formulate a general solution method that
determines the solution of similar problems with known linear (without initial stresses) parameters.

2. For the case of equal roots of the defining equation for bodies with elastic potentials of arbitrary
shape, the stresses and displacements at the ends of elastic pads have a feature that completely coincides
with the feature in similar problems of the classical linear theory of elasticity. With unequal roots for bodies
with elastic potentials of arbitrary shape, it is not possible to prove the coincidence of the orders of the
specified features.

3. The contact stresses at the contact line with the elastic overlay are significantly dependent on the
initial stresses. For highly elastic materials, the initial stresses play a more significant quantitative effect.
Qualitative influence has an identical character.
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