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Posrisimaerbest 3agaya 3ruHy TPaHCBEPCAIBHO 130TPOIMHOI IAPHIPHO
oOmeproi  IMIMTH  PO3MOUIEHMM 1O  JiHIl  [ii  MOMEHTHHM
HaBaHTa)XEHHsSM. Ha OCHOBI MeTOAy JIHIMHOTO CIIPSHKEHHS aHAII THIHUX
(GYHKIIH OTpUMaHO PO3B’S30K 3aJladi, & TAKOXK BUPA3M JJISl 3THHATBHUX
MOMEHTIB, MOMEPEYHUX CHUIJI 1 HAIpyKeHb y muTi. Onepxani hopmynu
BPaxoBYIOTh BIUTUB JiehopMmalliil monepeyHoro 3cyBy Ta OOTHCHEHHS.

Formulas and dependences derived in works [1,2] for plates made of
orthotropic material were used for solving the flexural problem of a
hinged edge supported semi-infinite plate. These formulas are written
through the analytic functions of a complex variable. The formulas are
given for the case of a transversally isotropic material, when certain
parameters must satisfy equality.

A new refined model formulas representation of transtropic plates
bending in the complex form is proposed in the article. This form is
convenient for application of the linear conjugation of analytic functions
method by M.I. Mushelishvili. The linear conjugation method of analytic
functions is convenient for solving problems with mixed boundary
conditions at the edges, or by a piecewise distributed moment load along
the support line in particular.

At the same time, it is assumed that torque and displacement of the
median plate surface on this boundary are equal to zero. It means that in
this case we assume that condition of zero equality at the boundary of
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generalized rotation angle (instead of the torque) does not significantly
affect the general solution of the problem.

The solution method for plane problem of the elasticity theory and
bending problems of Kirchhoff’s thin plates is elaborated in detail in the
works of M.l. Muskhelishvili and 1.0. Prusov. In this paper, the
equations obtained by authors differ from the well-known
representations of S. Timoshenko’s theories by members, which consider
the transverse compression and nonlinearity of the normal stresses
distribution in thickness of the plate. This non-linearity is provided by
dependencies consideration of transverse forces. Ratios of displacement
modules are the multipliers in these dependencies, which can be quite
significant.

In the considered case for transtropic material, the complex
potentials of M.1. Muskhelishvili can be expressed through one complex
variable z=x+1iy. Formulas for displacements, generalized rotation

angles, bending moments and transverse forces in a transtropic plate
could also be expressed in a compact form through the complex
potentials.

KirouoBi ciioBa: TPAHCTPOIIHA IIJIMTA, YTOYHCHA MOJCIIbL 3THHY,
MOTIEPEYHUH 3CyB Ta OOTUCHEHHS, METO/I JIHIIHOTO CIPSKESHHS.

Keywords: transtropic plate, refined bending model, transverse
shear and pressurizing, linear conjugation method.

Beryn. [{ist po3B’si3aHHs 3a/1a4i 3rHHY HIAPHIPHO 00IepToi Ha Kparo
HANIBHECKIHYEHHOI IUIMTH BUKOPUCTaHO (OPMYIH Ta 3aJIeKHOCTI,
BUBeJeHI y poborax [1,2] ans umr i3 OPTOTPONHOrO Matepiaiy i
3allMCaHl 4Yepe3 aHaJiTW4HI (QYHKUil KOMIUIEKCHOI 3MiHHOI. Dopmynu
HaBeJIeH] JUIS BUMAJIKY TPAHCBEPCAIBHO-130TPOITHOTO MaTrepiany, KOJu
HEBHI MapaMeTpy MaloTh 3370BOJbHsTH piBHOCTI ¢ = A =1. V¥ crarti
3allpONIOHOBAHO HOBE TMOJAHHS (OPMYJT YTOYHEHOI MOJIeNli 3TUHY
TPAaHCTPONHUX IUIACTHH Yy KOMIUIEKCHIH Qopmi, 3pyuHiit mis
3aCTOCYBaHHS METOJy JIHIMHOTO CHPSDKEHHS AaHANITUYHUX (QyHKIINH
M.I. Mycxenimpim [3]. MeTtoa JiHIHHOIO CHPSDKEHHS aHATITHYHUX
(GyHKLIH 3pyYyHO BHKOPUCTOBYBAaTH IJisi PO3B’sA3yBaHHSA 3agad i3
3MIlIaHUMH TPaHUYHUMH yMOBaMH Ha Kpasx [4,5] abo, 30kpema,
PO3PUBHUM 3THHAIFHUM HaBaHTKCHHAM Y3JI0BXK JIiHIT OOTTHpaHHS.
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BuxiiageHHs1 0OCHOBHOIO MaTepiay

MeTtoanka po3B’si3yBaHHsS TaKMX 3afad JUIs IUIOCKOI 3aaadi Teopii
MPYKHOCTI Ta 3afad 3rMHY TOHKHX IUAacTHHOK Kipxroda nerampHO
pospobiena y npamsgx M.I. Mycxemmsini [3] ta 1.O. Ilpycosa [4,5]. ¥
JaHii poOOTI OTpUMAaHi aBTOpaMHU PIBHSHHSA BiJpi3HAIOTHCS BiA yke
BiJOMHUX TmpencTaBieHb Teopit Tunmy C.TumomieHka dwieHaMmu, SKi
BpPaxoBYIOTh TOIEpeYHe OOTHCHEHHS, a TAKOXK HENiHIHHICTH PO3MOALTY
HOPMAQJIBHHUX HANpYy>KE€Hb 1O TOBIIVMHI IUTACTHHH.

Y  posrnsgyBaHOMY BHMNAAKy JUISL TPAHCTPOIHOTO —Martepiaiy
KOMIUTeKCHI moTeHmiamn M.I. MycxemimBiii MOXXHa BHpa3WUTH dYepe3
O/IHy KOMIUIEKCHY 3MiHHY Z=X+I1Yy, a GopMyau i NepeMilleHb,
y3araJbHEHUX KYTiB MOBOPOTY, 3THHAJILHUX MOMEHTIB i OMIEPEYHUX CHIT
Y TPAHCTPOIIHI TUTHTI MOYKHA TTOAATH B KOMIIAKTHOMY BUTIIsA [1,2]:

My +My =-2D(1+v)| ®(2)+®(2)[®(2)+ @ (2)]+ My + My;
My — My + 2iHyy =4Dg[ ¥(2)+Zd'(2)+0.4iRy |+ My — My + 2iHyy;
My —vMy —i(1+v)H,, =

—_— — *

:—D(l—vz)[<b(z)+®(z)+\P(z) + 7(D’(z)+§i(R2)}+M :
Qy —iQy =-4D®(z)-iKRy +Qx —iQy; (1)
7X+iyy=—[¢(z)+ZJZ)+WZ) } +O.8iR1+7/;+iy;;

i =—(ry +i7y)—481®’(2)+giR1’

2 2
R2 :(£+|2J Q; 812[82—3V”) " .
oy 10(1-v)

* * * * * * * *
Bemranan My, My, Hyy, Qy, Qy, W, 7y, ¥y BusHauaroTecs

3a paxyHOK YaCTKOBUX PO3B’s3KiB CHCTEMH PiBHSIHB [6]:

DAZW =02 — SlACIZ — €2A2qZ, (2
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AQ-k3Q=0; K'AW, =—qp,
e - E
20 E"’ 1-v2 2G

s BumaaKy TpaHCBEpCAITbHO—130TPOITHOTO MaTepiaiy Ili BETHYNHU
3HAXOJIATHCS 13 CIIBBITHOIIECHD:

ne & =(1-0,4v'A'(3— ZV))

*

x w4,
M, +M, =-4D(1+v)——+—=A'qgy,h"; 3
x T My =—4D(L+v)——+ - A'g; ®)
2. % 3., *
* o0“W o°w
My - M +2iH y_4D(1 V)— pu, QX+|Qy_—8D822ﬁ,
oW aw aw - oW
x oy az

dopmynamu (3) 3py4HO KOPHCTYBaTHCh, KOJIM IIJIACTHUHKA
3TUHAETHCA 3YyCHIUISIMA 200 MOMEHTaMHM, PO3IOAUICHUMH IO Kpaio, a

HABaHTAXCHHs Ha NoBepxHsx » =th sixcyrne: Q) (Z, 7) =0. Ananis

CUCTEMH PiBHSHB (2) M TPAaHCBEPCAITBHO-130TOTHUX TUIACTHUH TTOKA3YE,
0 iX 3TMH ONMCYEThCS OHicro Girapmoniiinoro ¢Qymkumiero W(X,Y),

omiero rapmomiitnoro W_(X,Y) i dynxuiero (X, Y), mo 3a10BonbHse

pisusaHO ['epmronbia. Hagammi 6ymemMo npumyckar, mo GyHkiis €2 €
OJTHO3HAYHOIO B OyAb-iKiil TOYIll OJHO3B’S3HOI, YW 0araTo3B’s3HOI

o0JacTi, sIKy 3aiiMae IJIACTHHA 1 MPSIMYE JI0 HYIS MpH |Z| —> 0. Tomy

3rajiaHy (yHKLII0 MOKHA 3alKCaTH y BUTIISL [4]:

I Yy i
Q(x,Y) _J-O C(r)e™” sinrxdr,
w=\1+k?r% C (T)— nificHa (QyHKIis Tapamerpa 7
ne 0" '
OjHOYacHO, BHPA3M 1 IHTETPAIM, KOTPI MArOTh QYHKIIIT Q(X, y),
an Ry(X,Y), MoxHa mNOKIACTH DIBHUMH HYJIIO NpPH OyAb-SIKOMY

3aMKHYTOMY KOHTYpi. TUM caMUM BBayKa€ThCs, IO TOJOBHHUK BEKTOP i
TOJOBHUA MOMEHT HAIpPYKCHOI'O CTaHy, SKHUI OINUCYETbCS LIE€I0
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¢yHaKIIiEr0 Ha OOKOBii MOBEpXHi, 1 BUPI3aHOTO 3 IUIACTHHHU IWTIHIPA,
JIOPIBHIOE HYIIIO.
Y  BuUmaaky, Komu piBHAHHA (2) CTalOTh  OMHOPIMHUMHU

(92 (Z, 7) =0), y popmynax (1) HeoOXiaHO MOKIACTH

My =My =Hy =Q=Qy=w =) =} =0.

VY pe3ynbraTi, OTpUMAaEMO HACTYIHI CUCTEMH PiBHSHB, SIKi MOXHA
BHUKOPHUCTATY MPH MOCTAHOBII TPAaHUYHHX 33124 JIJISl TPAHCTPOITHOT
TUTUTH:

D(2)+D(Z)+(z2-7)D'(z)=—n,f,+0,4iR, - ¥, (Z);

KD(2)+0(2)~(2-2) D (2) =1, f, -2 (R, +K)+ ¥, (2):

2i-D| (2)-®(2) |=K'Q-P, +C;; (@)

ne fl(X): |\/|X—|\/|y +i(l+V)H

f,(X)=M, —i(H, +P,+C,); k= (3+v)(1-v )

9(X)=—§(7x +iy, )W, (2); P, = LO Q,dx;
D, =§Gh3, n,=1/(D(1-v?)), 7, =0,5D,;

K = (1) (1 ) ' K = 26N, D=2EN D, =vD;

C,— mosinbHa niticHa cTana, sika gopisatoe Py Toumi X, .
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Heo0xinno 3ayBakKHTH, 111(0) KOMILIEKCHI MTOTEHIIiaTH
o - d
M.I. MycxenimBin y ¢popmynax i piBHSHHX (1), (4) : CD(Z) = d—(p(z)
z

i ‘P(Z):%l//(z), ae ¢(Z), W(Z)=%;{(Z), BUKOPHCTOBYIOTHCS

JUTS TIpENICTaBICHHS NiepeMitnenas W y Burisiai popmynu ['ypea [3, 4]:
w=Re[Z-¢(z)+x(z)]+w=. (5)
Hapanmi 6ynemMo BBakaTH, IO Ha HECKIHYEHHOCTI TUIACTHHA MOXKE
OyTH HaBaHTaKEHA BiJIOMHMH CKIHYCHUMH MOMEHTaMH I\/I;‘(O , M;O,

M;(;,. Tomy npu |Z| —> 00 ¢yHKIIT CD(Z) i ‘P(Z) MaroTh BUJ

D(z)=T+a, 1 2+0(UZ2); W(2) =T+, 240(1/ ), 6)

0] (e 0] o0 o0 H o0 '
. F:—MX +My F.zMy_Mx +2|ny_aoo= m_
4Dy (1+v) 4Dy ’ 8izD
m’:m;o +im§° — TOJIOBHHUII MOMEHT BiJHOCHO oYaTKy KOOpAHWHAT

BCHOTO 30BHIIIHBOTO HABAHTA)KEHHS, MPHKIAJICHOTO J0 TPAaHCTPOITHOI
TUIACTUHU.

Ha mpuknani 3ruHy MiBHECKIHUEHHOT HIAPHIPHO ONEPTOi IUIUTH
KyCKOBO-PO3MOIIJICHUM  MOMEHTHHUM  HABaHTKECHHSIM  HEOOXiIHO
BU3HAYUTH HAIPYXXEHO-Ie(POPMOBaHMHA CTaH 1 BIUIMB Ha HBOTO
nedopmaliiii monepeyHoro 3cyBy Ta OOTHCHEHHS, OCOOJHMBO B OKOJI
TOYOK PO3PUBY HEMEPEPBHOCTI HABAHTAKEHHS, MPUKIAJICHOTO 10 KPato
IMTH. BBaXkaeThbes, 10 CepelMHHA TIOBEPXHS HeAe(hOPMOBAHOI TUIUTH

criBnagae i3 koopauHatHow mismwiomuuow Y <0 (061 S7), a Mexa
L i3 Biccro Yy =0. Iliura 3ruHaeThCsS CTAIMM PO3MOIIIEHMM MOMEH-
THUM HaBaHTXEHHsAM M, mio jaie Biapisky (—a,a) mexi L. Kpaiiosi

YMOBH Ha MeXi L 3amucyroThCs HACTYITHUM YHHOM:
M,=m=const na L (-a<x<a),

M, =0 Ha L"=L-L"; (7)
Hyy =0, W|y=y0 =0 na L.
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Ha ocnogi Bupasis (1), (4) kpaiioBi yMOBH 3BOJSTHCS 10 BUTIISTY:

KO (X)+ D (x)+1+x")D ( :—ZIF cosxdz +

+O,4K*T12C (T)[Za)COSTX+i(1+a)2)Sin rx]dr, (8)

Re| & (x)-@" (x)-(a-243 )& (v) | =0
, V” . 1.
e A =1 F (z‘) = m[Dzz(1+v)r] sinza.
Po3B’s130k kpaiioBoi 3amadi (8) mis (.D(z) MOJKHA B3SITH Yy BUTIIAI [ 1]:

Cb(z)zj.:A(r)e’i”dr npuzeD, @(z)zJ-:A(T)ei“dr npu ze D", (9)

TYT A(r), B (z’) i C(r)— HeBimomi ¢yHKIII, SKi BH3HAYAIOTHCS i3
KpaiioBux ymoB (8):
~ 2(1+a)2)F(T)
A(T)__K*(a)—l)z[2+z'2 (gl—ZA'Zg)]+2(l+a)2)’
2 _ 152
(c)=—— 5[22” (Zgl 2AZO)JF(1') L
k" (w-1) |:2+T (51—2A’ZO)]+2(1+a) )

2(1+0°)[1+7° (5,-2A7) |F ()

K" (a)—l)2 [2+1'2 (51 -2A'Z} )]+ 2(1+ a)z).

C(T):—

HeoOxinHo 3ayBaxkwutH, mo piBasaas (1), (4) mno dopmi
cmiBnmasaroTh 3 BignoBigHuMu piBHsHHsIMU [.O. IIpycoBa [4] s
TPAHCTPOIHOTO MaTepially i BiAPI3HSIOTHCS TUIBKKM KoedillieHTaMu, 110
BPaxOBYIOTh BIUIMB MOIIEPEYHOTO OOTUCHEHHS. Y KIIaCHUYHIM MTOCTaHOBII
moai0H1 KociipKeHHs HaBeaeH y poooti A.l Kamanmii [7].

Bupasu ai1s 3rusansHOoro Mmomenta M, Ta momepeuHoi cuiu Qy_

3HAXO0UMO 13 BiAMOBiAHUX hopmy [1,6] y BUrIsL:
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M, = 4mJ'0°O(7rt)_1 f (t)sin it cos &tdt — em;

_ 4m © 2 . (ll)
=—— | tf (t)sinntcostdt.
-1
2t«/t2+2 5G'/G
f)=|1+x (1+mit?)| 1- : ;
) [ < (L m, )[ 20 12,56'/G H
TyT 4 2 2 i
" 2t* +1,25(1-v)(1+m,t* ) (1+2,5t°)G'/ G
2\ = 2
27 +2,56'/ G+ (1+myt*) (i +2.56'/ G ~t
m, = 2 (ZE—V”j _2 f—é £ — KyCKOBO-CTasa
T30\ ) TR e TR

BEJIMYKHA, SKa piBHa oxunmii Ha L' i nymo mal”.
Bu3HAYMBIIM 3rUHANBHI MOMEHTH Ta MOMEPEYHI CHIIM, HANPYKEHHS

O'X,Gy IJId TPAHCBEPCATIbHO—130TPOITHO1 IIJIMTU MOXHA IIPEACTaBUTU Y

Bursi [1]:

_3My 3G [Q, Q)
PR G'[&x +Vé’y]f(7)' (12
3My, 3G (Q &Q
. y © v y X
7Y T3 ZG’(aerax]f()’

[MoknaBu ¥ =+, GyneMo MaTu 3HAYEHHS HAIPYKEHb Ox.,0y

Ha 30BHIIIIHIX MTOBEPXHSX IUIHTH:
' 0
oy = My G/G' [0Qy ,, X , (13)
2h?  5(1-v){ ox oy
i3My$ G/G' . aQy+V6QX .
2h?  5(1-v) | oy OX

-+

Oy
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Bupas B myxkkax (12), (13) 3amucyerbcs depe3 QyHKIT @(E) i
Q(X, y) HACTYITHUM YHHOM:

0 oQ " —7 , 629
% o= 2P| @ (2) () - v) K S5

Y dopmynax (12), (13) Tibku mepIin YICHH, BiIMOBIIAIOTH TEOPiIM
turry C.Il.Tumomnenka [4]. Ipyri uieHn € yTOYHEHHAMH (OPMYI IS

+V

Ox,0y 33 PaxyHOK HENIHIHHOCTI BiTHOCHO BEPTHKAIBHOI KOOPAUHATH

7 i npu Benmkux BigHouennsx G/G' MoxyTh OyTH JOCUTH 3HAYHUMM.

BucnoBok. Ha ocHOBI MeTomy JNiHIHHOTO CHPSOKEHHS aHATITHIHUX
(hyHKIIi# OTpIMaHO PO3B’SA30K 3a/lavi 3THHY TPAHCBEPCAIBHO 130TPOIHOT
MiBHECKIHUCHHOT MIAPHIPHO OMEPTOi IUIMTH KYCKOBO-PO3MOAIICHIM
MOMEHTHHUM HABaHTKEHHSM, IO i€ Y3I0BX BiApi3Ka TPaHUIN IUTATH.
OrpumaHO BHpasW JUIS 3TUHAJIGHUX MOMEHTIB, MONEPEYHHX CHI 1
HanpyxeHb y TumTi. Opepkani (opMynH BpaxoBYIOTh BIUTUB
nedopmaliiii IonepeyHoro 3CyBy Ta OOTHCHEHHS, a TaKOX IOBEHAIHKY
[IMX BEJIMYMH B OKOJIi TOYOK PO3PHUBY HEMEPEPBHOCTI HABAHTAKECHHS.
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